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Section 0 — An Introduction

I think my happiest day professionally was in the late 1990s. After explaining a conceptual
question to one of my Physics I students (a former lawyer), he responded with an emphatic “I don’t
believe you!” While I can not take credit for instilling his skepticism, it is the attitude I would
hope all of my students, indeed all students, would possess. I have worked at some institutions
where standards were maintained with the goal of providing excellent, but not necessarily pleasant,
educational experiences for students, including one with a totally constructivist course, challenging
from both sides of the lecture desk. I had heard the aphorism that learning occurs at the edge of
student frustration, and so I set about making my courses just the right amount of frustrating.
Luckily, I have been fortunate to have many patient and hard-working students along the way who
have, mostly unwittingly, helped me to adjust and modify the presentation of material in this
course.

What is the purpose of a PHYS I course? Most Physics professors would say that the purpose is
to teach students Physics, whatever that means. Let’s try to break that down:

1) ‘Students who plan to become scientists and engineers need to know this stuff.” Well, you
may need to know it for a couple of years while you learn your actual profession. My
experience with some physicists who publish prolifically in their specialized fields but
don’t know Phys I material bears me out on this.

2) ‘Students who plan to become health care professionals need to know this stuff.” Even less
true. You may need to know some of this as you complete your biology courses, but you’re
going to forget it soon enough.

3) ‘Students in general need to know how the world works.” Anecdotal evidence suggests
that students revert to their original non-Newtonian way of thinking once the course ends.

4) ‘Students should get a taste of what science is like.” Like most things worth doing, science
is hard. Ideas must be discussed, calculations made, and theories tested against reality. It
is not a spectator activity; a course comprising thirty minutes of demonstrations and ten
minutes of lecture is not a Physics course.

And so, this brings us to the purpose everyone talks about but few bother to realize: critical
thinking. This buzz word permeates mission statements for most colleges. I contend that, for
beginners, the hard sciences, Physics and Chemistry in particular, are the best start on this path. It
is not my intention to denigrate the humanities; in many perhaps non-obvious ways, this course is
modelled on a traditional humanities writing course. We start from a premise, make and justify a
series of logical arguments or steps until a conclusion is reached, and analyze that conclusion. We
have an advantage over the humanities, though, in that our arguments can be made with steps that
are quite clearly correct or falsifiable, and our conclusions can be checked against an objective
reality. It is these skills that we hope students will carry on with them through life.

This is not a textbook. It was a set of class notes written up after each lecture in the fall of 2000
to augment the assigned textbook, rewritten and expanded in 2020. When I started these notes,
algebra-based Physics textbooks were still written in a style that encouraged memorization over
thinking. As a quick example, many books started their impulse-momentum sections by defining
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momentum, pointing out that it is conserved in some situations, and then moving on to examples.
This approach avoids the effort of developing an idea from observation, confirming it with
experimentation, and understanding how it fits in with all the other notions that have been
discussed. These notes make a perhaps awkward attempt to introduce notions from guided
discussions and demonstrations, each usually leading to a derivation and a useful result, which are
of course only tentative until tested by lab experiences. In deference to my lawyer acquaintance,
the idea here is to justify, within reason using special cases, any assertions made. Wider examples
of less-special cases are left to more advanced courses.

So, with the exception of parts of Section 14, this course is run in a manner similar to a traditional
high-school Geometry class with two column proofs. In Euclidean Geometry, there are five
axioms, things which are assumed to be true. From these five notions, with the use of some
definitions, all of Euclidean Geometry can be constructed. There is some leeway in choosing what
the five axioms are, but a proper combination of five will do the job. In Physics also, we have
chosen an open and consistent logical system; we have axioms, although we call them laws. Laws
are ideas that we think are true because we have never seen them not to be true. This course is
based on two such laws; everything else follows from those two.

These notes are intended for an algebra-based PHY'S 101 course. Sections that extend beyond the
norm for such a course are marked with an asterisk. Several alternative methods for solving
problems normally treated with calculus are presented as demonstrations of ‘out of the box’
thinking. It is expected that students will still possess a textbook or at least a workbook of
additional problems. With luck, notes for Physics 2 and Physics 3 will follow.

I wish I could tell you how to succeed in Physics. I can make some suggestions based on what
other people have told me.

1) Go to class. Sit in the front row if you can.
2) Ask a question (if your institution’s model allows it) if something is not clear. Do it
immediately. Do not assume that you will be able to go home and figure it out on your
own.
3) This course is NOT a jumble of unrelated facts. Especially in Physics I, everything is
related to everything else through the two axioms. Try to see how. You will find many
derivations in these notes which start with something you know and end with some new
notion.
4) Most of your Physics time will be spent problem solving, whether for in-class examples,
homework, practice, or exams. There is a generally accepted model for solving problems,
as well as a generally accepted level of effort required. These include
a) a figure. Figures tend to get complicated and eventually three-dimensional. You will
want to color code the different quantities. In these notes, when necessary, forces are
red, components of anything are blue, displacements are green, and other quantities
some random color.

b) a statement of what is known.



c) a statement of which principle of physics is being used to solve the problem.

d) a sufficient amount of written effort that illustrates the steps taken.

e) aresult, including units.

f) any other information requested, such as “What is the physical significance of your
result?”

5) Learning to solve physics problems is much like any other difficult endeavor, like playing
the piano or competing in Sportsball. ‘Don’t practice until you get it right; practice until
you never get it wrong.” You will need to start out easy and work your way up to more
difficult situations. The difficulty of the problems assigned ramps up. In-class examples
are generally fairly easy in order to illustrate a point. In-class assignments (the Exercises)
are usually a bit more difficult. For reasons too complicated to discuss here, homework
problems are of varied difficulty. You should continue to try more and more difficult
practice problems from your workbook. Right before the exam, try the sample exam. Note
that the sample exams provided here do not have a question for each topic; they are
included to give you an idea of the types of questions that will appear. You should attempt
as much as you can on your own, but...

6) Forming study groups is a useful way to test yourself by discussing the material with your
classmates. Unless your class is run on a strict curve system, there is no disadvantage to
you to help other students.

7) I’ll add this little bit regarding exams. Most questions on an exam will be standard type
problems, although they will not be rehashed homework problems. Often, there is a ‘twist’
to the question, but if the usual procedure is followed, the solution should still pop out.
Some questions are derivations; for many students, this is the memorization part of the
exam, although I contend that if you really know the material, you can simply do it and not
waste that part of the brain. Some questions are essays. My experience is that students
have the most trouble with the multiple choice questions. Often, there are ulterior purposes
for asking these. Some are straight-forward, some are logic problems, some do not expect
you to find the correct answer but instead to eliminate the incorrect ones. It’s worth
spending a moment to ask yourself,” what is this question really asking me?’

Best of luck!

D. Baum



Section 1 - Background
Introduction

In this semester, we will study

what is now known as Newtonian Epoed

mechanics. The laws we shall

discuss are unfortunately only
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Relativistic

limits of the actual laws of the Special
. Quantum 22
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given situation. So long as the speed of an object is less than about 10% of the speed of light, and
the object is roughly larger than an atom but smaller than a star, we will probably be alright. In
the future, as you study these other regimes of physics, you will see that each type will begin to
agree with its neighbor as it approaches the boundary. For example, the equations of motion in
special relativity and those for Newtonian physics look very different, but as the relativistic ones
are applied to slower and slower objects, they begin to resemble the Newtonian relationships. This
is known as the correspondence principle.

Dimensional Analysis

Since, unlike most fields of academic inquiry, the conclusions of physics must agree with objective
reality, we must be prepared to make measurements of various physical properties. Modern
physicists have determined that any physical quantity can be constructed from some combination
of only seven basic, fundamental quantities or dimensions, the choice of which is somewhat
arbitrary but currently standardized:

[Length]

[Mass]

[Time]

[Electrical Current]

[Number of Particles]
[Thermodynamic Temperature]
and

[Light Intensity].

When we talk about the dimension of a quantity, we don’t mean dimension in the sense of the
width, length, and height of a box. Each of these specific measurements is a [Length]. The



dimension of the volume of a box is [Length]®. Although we haven’t defined it yet, you probably
have an idea of the meaning of speed; the dimension of speed is [Length]/[Time].

So, for example, next semester you will encounter the electric potential, which has the dimensions
of [Mass][Length]*/[Current][Time]*>. Note that this construct is independent of the actual units
used. For example, this quantity is often called the voltage, since the volt is the standard unit for
electric potential, but of course other units could just as easily be used instead. The unit might
change, but the dimension will remain the same.

DISCUSSION 1-1

Dimensional analysis can be a useful tool for gaining insight into the relationships among
quantities that determine the behavior of a system. For example, can we make a prediction for
the dependence of the period (P, the time to complete one cycle) of a simple pendulum without
knowing much physics? On what parameters of the system could this depend? What are the
dimensions of these quantities?

EXAMPLE 1-1

A list of such quantities would perhaps include the length € of the string, the mass m of the

bob, the amplitude of oscillation (04, the angle through which the bob swings), and perhaps
the earth's gravity g, whatever that is.

period T = [Time]

mass m = [Mass]

string length ¢ = [Length]

amplitude 04 = [1] (dimensionless, the radian is the ratio of two distances)
gravitational field strength g = [Length]/[Time]* (O.K., I had to give you this one).

Since we’re looking for an expression for the period, whatever combination of parameters we
decide on must have dimension of [Time]. Let’s suppose that

P~ m?gPicag,

where a, b, ¢, and d are powers of their respective variables and are to be determined. Then,
looking at the dimensions,

b
[T} = [M]a(%) L)Y = [MI[T] 2 [L]Pre ()¢

If we’re going to have an equation, clearly both sides of the equation must have the same
dimension. We see that there is no [Mass] on the left side, so a=0. Continuing,

a=0;
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1=-2b - b=-1/2;
0=b+c—o>b=-c=+1/2;
d can not be determined.

The angle, being measured in dimensionless radians,! can’t be determined. But, if we try a
little experiment, we find that 04 in fact has no effect on the period, so d = 0. Our final result
is that we expect the period of a simple pendulum to go as

p 1 ll
~ 22 = —
8 g

The correct answer, as we'll see at the end of the course after much toil is

l
P =2m |-
\/;

Since 27 is a dimensionless quantity, this method could not detect it. Even so, we got a good
idea of how the period depends on the parameters of the system with relatively little effort.

EXERCISE 1-1

If we drop a marble from a height H above a table, it takes a certain amount of time to fall
through distance H to the table. Work out roughly the relationship between the time t and the
height H.

Units
DISCUSSION 1-2

Which weighs more, a pound of rocks or a pound of feathers? Which weighs more, an ounce
of gold or an ounce of potatos? Which weighs more, a pound of gold or a pound of potatos?

Making measurements requires that we develop units for the measurements, and standards for
these units, so that we may all understand what the measurements mean. In the example above,
an ounce of gold actually weighs more than an ounce of potatos, because gold, being a precious
metal, is measured in troy ounces, which are larger than the avoirdupois ounces used for food. On
the other hand, a pound of potatos weighs more than a pound of gold, because there are 16
avoirdupois ounces in an avoirdupois pound but only 12 troy ounces in a troy pound. So, not only
do we need to define units, we need to define which particular system of units they are associated
with.

! The radian is defined as the ratio of two distances.
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In this class, we shall use the systeme international, also known as the MKSA system (for meter,
kilogram, second, ampére).>> You are probably much more familiar with the U.S. Customary
Units System, which is a patchwork of bizarre quantities and units. Only three nations in the world
have avoided an official change to the SI; in the U.S., the conversion was to have been
accomplished by 1970. Metric road signs are in use on some federal highways in Ohio, Kentucky,
Tennessee, Arizona, Vermont, New Hampshire, Maine, and New York (some New York signs are
also in French!), and exits are numbered by km on Rte 1 in Delaware. Here is a partial list of units
used to measure distance in the United States:

inch;

foot; 1 foot = 12 inches

yard; 1 yard =3 feet

fathom; 1 fathom = 2 yards

rod; 1 rod=162/3 ft

ell; 1 ell=2 ft

mil; 1000 mils = 1 inch

furlong; 1 furlong = 220 yards
chain; 1 chain = 66 feet

link; 100 links = 1 chain

mile; 1 mile = 5280 feet = 1760 yards = 8 furlongs
league; 3 miles = 1 league

hand; 1 hand = 4 inches

span; 1 span =9 inches

palm; 1 palm = 3 inches

finger; 1 finger = 7/8 inch

digit; 1 digit = 1/16 foot
shaftment; 1 shaftment = 6 inches

Do you know any others?

When we describe the distance from one point to another, we usually like to use units for which
the number is of a reasonable size. What [ mean is, if I describe the distance between my stapler
and my computer, I would say, 2!/> feet, not 4.7x10"* miles. The distance between Catonsville and
D.C is 39 miles, not 3120 chains. However, the conversion factors between units are quite
unwieldy. The structure of the SI makes conversion between large and small units much more
convenient. There is a small number of basic units, and all other units with the same dimension
are some power of ten larger or smaller, usually specified with a Latin or Greek prefix:

giga =10’
mega = 10°
kilo = 10°
milli =107

micro = 106

2 There is more than one metric system, so we need to be specific.
3 The metric system survives as one of the innovations of the First Republic (the calendar was not so lucky, but then
how would we know when not to eat oysters?).

-12 -



nano = 10
et c.

For example, the meter is the basic unit for length, and other units include the kilometer (1000 m),
the milllimeter (1/1000 m), et c. So, I would express the distance from Catonsville to D.C. as 62
kilometers, not as 62,000 meters.

The definitions of each unit are also well specified, although many of the definitions have
evolved. For example, the meter was initially defined in the 1790s as 1/10,000,000 of the distance
from the equator to the North Pole along the meridian passing through Paris.* Since this is not an
easy standard to use, it was redefined in 1889 as the distance between two scratches on a platinum-
iridium bar, kept just outside Paris. Since taking a long trip to compare measurements with the
bar is inconvenient, a number of other nations were provided with their own bars (ours is in
Gaithersburg). As the necessity of making more precise measurements increased, the definition
of the meter was changed so that anyone with the proper equipment could reproduce the standard;
in 1960, the definition was changed to the distance covered by a 1,650,763.73 wavelengths of a
particular orange emission line generated by %°Kr. Finally, the definition of the meter was changed
again in 1983 to be the distance traveled by light in /209,792,458 of a second.

Although it seems as if the progressive definitions of the metre are making it more difficult to
compare our measurements to the standard, it is actually the reverse; by liberating the standard
from a particular piece of matter and basing it more on the laws of the nature, which are universal,
anyone with the appropriate equipment can reproduce the standard in the comfort of his own
laboratory.

Students often find converting units difficult. The factor label method is useful and
straightforward; one only need multiply by one.

EXAMPLE 1-2
Suppose that we wish to find out how many seconds X there are in 3 years:
X seconds = 3 years .

Note that the units are different on each side, but that the dimensions are the same, [Time].
We'll multiply the right hand side of the equation by a quantity equal to one; we do that
because multiplying a number by one does not change its value. The quantity we choose to
multiply by is (12 months/1 yr). Since the numerator equals the denominator and since both
have dimensions of [Time], the quotient equals one, and the right hand side is still equal to
three years. We cancel the units and see that :

12 months

) = 36 months .
1 year

X seconds = 3 years (

4 The current 2°20'14.03" meridian.
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Continuing, a complete calculation would look like this:

12 months> (30 days> (24 hours> (60 minutes> <60 secondS)

X seconds = 3 years (
seconds years\ T year 1 month 1 day 1 hour
= 9.33 x 10”seconds.

1 hour

EXERCISE 1-2

A meter is 100 centimeters. Find the volume in cubic centimeters of a box with a volume of
one cubic meter.

HOMEWORK 1-1

The interior of a typical ranch-style home may measure 50 ft x 24 ft x 8 ft. What is the volume
of this home in cubic ft? Convert this result to cubic inches and to cubic centimeters.

Coordinate systems

As we shall soon see, we'll need a way of keeping track of the positions of objects, as well as other
quantities. In one dimension, that's fairly easy; we
use the equivalent of the 'number line' we learned
back in third grade, with some arbitrary point
chosen as the origin (and usually chosen to
maximize our convenience).

When we go to two dimensions, there are quite a

¥
number of systems, but the two most useful are
4 the rectilinear or Cartesian system and the polar
3 | system. In the first, two 'number lines' are set up
at right angles with the origins at the same spot
el — — ——
1— : y
_d_
I T 1 1 ] *
4 -3 -2 -1 1 1 2 4 3
2 27 - .\
SN
33— . - g \
4— s o T 1 ] X
A T 1
and with equal unit spacing. We must however i
realize that these are not necessarily the x and y
axes, but for now, let's say that they are. =]
4
The location of an object in two dimensions can
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be specified uniquely by reporting two numbers in an ordered pair in the form (a, b). The meaning
is to start at the origin, move 'a' units in the x-direction and 'b' units in the y-direction; in this
example, the location is (3, 2). The position can also be specified as a direction (usually reported
as the angle measured counter-clockwise from the x-axis) and the distance from the origin, (r, 0).
A negative angle is interpreted as being measured CW from the x axis. Conversion between these
systems is possible through the use of the trig functions and the Pythagorean theorem:

] opposite y _
sinf= —— == - y=rsinb
hypotenuse r

v adjacent X
(4 c0s=—=—- - x=rcos0
hypotenuse r
| X
opposite *
tan = L =7 - 0= arctan(z)
adjacent  x

hypotenuse? = opposite? + adjacent? - r = +,/x2 + y?2
Note that r is never negative.
EXERCISE 1-3
Find r and theta for the point (3, 2) as shown in the figure above.

Now, we usually think of the lengths of the sides of a triangle as being positive numbers, which is
why I introduced these relationships in the first quadrant. I assert, however, that with one small
warning, these are valid in all four quadrants.

DISCUSSION 1-3

Keeping in mind that r is never negative, in which quadrants is x/r positive and where is it
negative? Where is cos 0 positive and where is it negative? Do these match up? What about
y/r and sin 6?

Now, here is why there is an asterisk next to the arctan function. Get your calculator and find
the arctangent of (2/3). Which quadrant is 33.7° in? Now find the arctangent of (-2/-3). In
which quadrant should the answer be?

The problem is that your calculator does the division first, then the arctangent. It doesn’t know
the distinction between (-2/-3) and (2/3). Your calculator will always give you an angle between
-90° and +90°; it’s up to you to fix this each time. Here’s my suggestion. If the angle is in fact in
Quadrant I or IIIT where x is positive, then the angle your calculator gives you is already correct,
so you do nothing. On the other hand, if the angle is in II or III where x is negative, you must add
180°. So, the easiest test is to look at x. If X is positive, you’re good. If x is negative, that’s bad,
and you need to fix it. I require this: if no correction is necessary, you must still indicate that you
checked to see if one was necessary. I’ll be happy with a Y Q on your paper.
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EXERCISE 1-4
Find the polar coordinates for the cartesian location (-3, -1).
Find the cartesian codrdinates for the polar location (4, 120°)
HOMEWORK 1-2

How far from the origin is a point located at (1 m, 4 m)?
Scalars and Vectors

In this course, we deal with two types of quantities, scalars and vectors. There are other types of
quantities, such as tensors, that thankfully we will not need to worry about. A scalar is a quantity
that possesses only a size or magnitude. A vector possesses a magnitude and a direction.

DISCUSSION 1-4

Consider the evening weather report. Which quantities are vectors and which are scalars?

The notation for vectors is to use bold type or to place a half arrow above the symbol: A or A.
The magnitude only is written as A or less ambiguously as |A| During this course, we will
sometimes drop the arrow and rely on your sense of context to know which quantities are vectors.

We often represent vectors with arrows drawn on for example a paper sheet. Arrows also have
two properties we can make use of: they have direction and they have length. We can make the
directions be the same, and make the length of the arrow be proportional to the magnitude of our
vector.

We want to investigate some properties of vectors. To do so, let’s jump the gun a bit and introduce
the vector displacement. The displacement represents the movement of an object. We can think
of it as pointing from the starting position to the final position. This makes the visualization a bit
easier at the start. Later, vectors will represent much more abstract quantities, such a momentum,
magnetic fields, or isospin. We do
need to be careful; once a vector is
defined, it has only two properties,
magnitude and direction. We can
move the vector around as much as
A we wish so long as those two
properties remain constant.  For

FINISH 7\

>l

=l

>l

START

example, in the figure, vector A was
N constructed to  represent the
displacement from the START to the
FINISH, but all of the other vectors

drawn are just as validly vector A.
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We can visualize adding vectors in terms of displacements: A+B says that we should start at our
origin and travel A meters in a direction given by 04, then from that intermediate destination, travel
B meters in the direction given by 0s. Conceptually, this is known as the tail-to-tip method of
addition.’ The red vector is the sum, or resultant, of A+B. Now, look at the bottom diagram. If

we were to perform the motion described by B first, then perform A, we would wind up in the same
place. That means that vector addition is commutative. The order of addition doesn’t matter:

—_

A+B=B+A .
I An alternate, but equivalent, method of addition is the
“p parallelogram method.  This helps explain the

contention of commutativity; the two long sides are
each A and the
two short sides
are each B. The
resultant will be
the diagonal of
the parallelo-
gram.

When more than two vectors are added graphically, we
must do one at a time, so

—

A+B+C+D=((A+B)+C)+D

Vector addition is also associative:

A+(B+C)=(A+B)+C

EXERCISE 1-5

Make an argument that vector addition is associative. Try a graphical solution with three
vectors.

HOMEWORK 1-3

S Well, O.K. it’s actually called the tip-to-tail method, but that makes no sense. Let’s make it a thing.
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Anne walks a certain distance due north, then turns due east and walks twice as far. At the end
of her trip, she is 450 meters from her starting point, as the crow flies. What is the length of
each leg of the trip? What is the direction of her displacement relative to north?

I have no idea how to subtract vectors, but I know a trick from grade school. When I learned to
add, for example 5 + 2, I started at the origin of the number line and moved five to the right, then
another two to the right. To subtract, say 5 — 2, I moved five to the right, then two to the left, that
is, [ did 5 + (-2). Let’s try this:
A-B=Ai+(-B).

The question is then, what is -B? I think we would want to require

B+(-F)=0

That is, -B must have the same magnitude as B, but point in
exactly the opposite direction

Comparison to the parallelogram method reveals that A-Bis

the other diagonal of the parallelogram (as is B - A, the same
diagonal but pointing in the other direction).

Once again, to add vectors graphically, one would take paper,

ruler and protractor, choose a scale, and draw arrows to represent the vectors such that the length
of each is proportional to the magnitude of the corresponding vector. To find the resultant,
measure the length of the resultant with the ruler and back convert to find the magnitude, and use
the protractor to find the direction.

- Well, we really don’t want you adding vectors with
I \ rulers and protractors for the rest of the semester. Let’s
"~ investigate an analytic method. Now that we can add
vectors, we can also see that any given vector (shown

e X1

in black) can be written as the sum of
two (or more) other vectors. In the
diagram, you can see that the black
vector is the sum of the two red vectors,
but it is also the sum of the two green
vectors as well as the sum of the two G

blue vectors. If that's true, we might as K

® Technically speaking, this zero is also a vector, the null vector.
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well choose two vectors that will be convenient for us. If we make the two vectors perpendicular,
we might be able to use trig relationships to suss out some info.

Ax s called the x-component of A and Ay is the y-component of A, that is, how much the vector
points in each direction. Ax and Ay are actually scalars, although they can be positive or negative
or even zero. We convey the directional information through the use of the unit vectors 1 (x

direction), j (y direction), and Kk (z direction). Unit vectors have length one and are dimensionless
(that information is carried in the components). Sticking with two dimensions for now, we can

write that A = Af + Ayj. From trig, we see that Ax = AcosBa and that Ay = Asinfa. Note that if

we measure 64 CCW from the x axis, that the signs of the trig functions correctly give the signs
of the components.

EXAMPLE 1-3

Let A be 15 m at 9a= 120°, which is in the second quadrant. We find that

A, =A cosBy = (15m)cos120° = —=7.5m
Ay, = A sin6, = (15m)sin120° = +13 m

So,A = —7.51 + 13 meters .

and the signs of these components match what we know about the direction of A.
HOMEWORK 1-4

The direction of a vector is 127° measured from the x-axis, and its y-component is 12.0
units. Find the x-component of the vector and the magnitude of the vector.

N

Now, we have an alternate manner of adding vectors using the components. Let C=A+B.
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I hope it’s clear that Cx = Ax + Bx and Cy = Ay + By. We might say that the components of the

sum are the sums of the components. Once we have the components of C, we can convert them
back to a magnitude and a direction angle.

EXAMPLE 1-4

Let C= A + B. Find the magnitude and
direction angle of C.

A=7m 0a=35°
B=12m 0s=155°

First, we find the components of A and B:

A, = A cosB, = (7 m) cos 35°
= +5.73m

Ay, = A sin6, = (7 m)sin35°
= 4+4.02 m

B, =B cos0g = (12 m) cos 155° = —10.88 m

By =B sinBg = (12m)sin155° = +5.07m .

Then we do with the components what we’re asked to do with the vectors:

Cx=A, +B, =573+ (-10.88) =-5.15m
C,=A, +B,=4.02+507=9.09m .

Then, we reconstitute the components of C back into a magnitude and direction:

C=+ |CZ+C=+/(-5.15)2+9.092=1045m ,

Cy\ 9.09
0¢ = arctan (—) = arctan (

C _5'15) = arctan(-1.76) =-60.47° .

Are we done? No, we need to check the quadrant of the angle to see if the calculator’s answer
is correct. In this case, it is not. Because Cx<0, we need to add 180° to the result. So

6c = —60.47 + 180 = 119.53° .
HOMEWORK 1-5

Vector A has magnitude 8.0 units at an angle of 60° from the x-axis. Vector B has magmtude
6.0 at an angle of -30° from the x-axis. Find the magnitude and direction of vector C=A+B.

Vector Multiplication
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There are a number of ways vectors can be multiplied; we’ll deal with three.
The first type of multiplication is perhaps familiar from grade school. Let’s multiply A by a scalar,
3, and call that C:

C=3A.

This type of multiplication is repeated addition.

We can see that C is in the same direction of A but with three times the magnitude. It should be
easy to see that we could expand this notion to non-integer multiples as well. It’s a little more
complicated when the scalar is not a dimensionless number, but the notion is the same; the value
and dimension of the magnitude will change, but the direction will remain the same.’

Next, we will define the scalar product (also called the inner product or the dot product) of two
vectors A and B to be:

A-B= |ff||§|cos€A,B ,

that is, the magnitude of A times

the magnitude of B times the
cosine of the angle between them
if they were placed tail to
tail. The dot product is defined to
be a scalar. One interpretation of
this definition is that we are

multiplying the magnitude of A
by the component, or projection,’

of B that lies in the direction of A:

—

A § = AB” = A(B Cos GA,B) = |K||§| CoSs GA,B )

as shown in the figure on the left. Clearly, though, we could just as well think of it as the magnitude
of B times the projection of A on B:

|K||§| cosOpp =B (AcosByp) = BA| =B ‘A .

The dot product is therefor commutative.

7 Looking way ahead, the momentum p of an object is given by the mass times the velocity v. Momentum and velocity
are in the same direction, but they have very different dimensions.

8 You can think of a projection as analogous to a shadow, the shadow that B casts on A.
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Keep in mind that there is nothing magical about the dot product. It is simply a shorthand way of
writing a particular process; as the course progresses, we’ll see that we are often interested in how
much of one vector is in the direction of another.

DERIVATION 1-1*

Alternatively, we can write the vectors A and B in terms of the unit vectors 1,7, and k. Remember
thati-i=j-j=k-k=1andi-j=j-k=k-1=0. Then,
A -B= (A +A,j+A.K) - (B, + Byj + B,K)
= AB,i 1+ AByi-j+AB,i-k+A;Bi-+A,B,j i+ AyB,j-k
+ A,B,i- k +A,B,j-k+ A,B,k-k
= ABx + AyBy + A,B,

Another type of vector multiplication is the vector product or the cross product, which we define
in two parts. We define the magnitude of the cross product to be

A x B| = |A]|B|sin0,y .

that is, we’re taking the magnitude of A and multiplying by the
component of B that is perpendicular to A. One interpretation of the
cross product's magnitude is that it is the area of the parallelogram
formed by the vectors A and B when they are placed tail to tail.
Using an argument like the one for the dot product, we see that

|AxB|=|BxA4| .

However, there is a second part to the cross product, direction. We
define the direction of A x B to be perpendicular to the plane that

contains A and B. That leaves two possible directions, for example, in the diagram, into the page
or out of the page. We define the direction sense using the right-hand-rule (RHR). Point your

index finger of your right hand in the direction of A and your middle finger in the direction of §;
your right thumb then points in the direction of the cross product. You can then see that

— —

AXxB=—-BxA .

DERIVATION 1-2*

Alternatively, we can write the vectors A and B in terms of the unit vectors i, J, and k.
Remember that 1 X1 =JXj=kXk=0andiXxj=k, jXxk=1andk x1=7j. Then,
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—

A xB= (Ad+A,j+AK)x (B +B,j+ B,k)

= ABid X 14+ AByI X j+ AB i X k+ AyByj x 1+ AyByj X+ AyB,j xk
+ A,Byk X1+ A,Byk X+ A,Bk Xk

= (AyB, —A,By) 1+ (A,B,—AB,)j+ (AB, — A;B,) k.

There is a quick way of remembering how to do this. Arrange i ] k
the components into a table as seen in the top figure. Rewrite A. Av A

the first two columns at the right of the table, as shown in the x 7Y T
middle figure. Lastly, multiply the quantities along each By B‘y’ Bx
diagonal as shown. If the diagonal is to the down and to the
right (red), add the product and if it's to the left (blue), subtract. i k i

HOMEWORK 1-6* Ay Ay Az | Ay Ay
By By Bz| Bx By

Given that
A=31—4j+k andB= -1+3j+2k ,

find A-Band A X B .

It is also sometimes useful to combine successive multiplications. Consider the scalar triple
product. We’ll be using this for one problem only, but this seems like the appropriate time to
introduce it. Consider three vectors, not all in the same plane. The scalar triple product has an
interesting useful property:

A-(BxC)=B-(CxA)=C-(AxB).
DERIVATION 1-3*

The three vectors K, §, and

C, when paced tail to tail to
tail, are the edges of a
parallelepiped solid.  As
discussed above, the
magnitude of the cross

product of A and B gives the
area of the parallelogram-
shaped base of the solid.
The volume V of the solid
will be the base area times
the height, H:

V=H|AxB| .

_23 .



The height H is the projection of C onA X §, SO
v=C-(AxE) .

Now, we do need to be a little careful, in that C should be on the same side of the AB plane as
A X B; if not, then we get the negative of the volume instead.

Now, imagine that we were to roll the solid onto its BC face. The volume would be

V=A-(BxC) .
Rolling it over again onto its AC side,

v=B-(CxA) .
Since rolling the solid over doesn’t change its volume, we have a useful relationship:
A-(BxC)=B-(CxA)=C-(AxB).
Lastly, let’s consider the vector triple product, A x (§ X E) I assert that
Ax(ExC)= (A-O)B- (&-B)C.
DERIVATION 1-4%*
The straightforward path is to write each vector in terms of the unit vectors 1, j, and k, then
perform the operations required on each side of the equation. Let’s try to see if we can do it in
a less tedious way.’
The vector B X C is of course perpendicular to the plane containing both B and C. When we

cross A with that vector, the result is perpendicular to B x C, which means it lies back in the
B-C plane. Therefore, we can write the triple product in terms of some additive combination

of B and C:
Ax(BxC)= aB+ BC ,

where alpha and beta are real numbers. The triple cross product must for this same reason also
be perpendicular to A, so

A-(aB+ BC)=0,

aA-B= —BA-E

? Ercelebi, Atilla, “Ax(BxC).pdf,” accessed 12/4/2020, www.fen.bilkent.edu.tr/~ercelebi/Ax(BxC).pdf.
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This requires that

—

azyx-a and = —yK-B ,

with gamma some presently unknown number that will cancel out upon substitution back into
the previous equation.!® This relationship should be correct for any vectors, so let’s see if we
can determine gamma by applying these relationships to a specific set of vectors, 1, §, and k:

Ix{@x])=ai+ B],

ixk= (yi-Pi+ (—yi- D,
—j= )i+ (=77,
y=1.

Now we have that

Ax(BxC)= aB+BC= (A-C)B-(A-B)C.

EXERCISE 1-1 Solution
What quantities might affect the time and what are their respective dimensions? Well, we have

height H = [Length]

time t = [Time]

mass m = [Mass]

gravitational field strength g = [Length]/[Time]?

We might guess that
t ~ H'mPg® .
[L]\
(1) = e () = L1 qmPr =
Then,
0=atc;
b=0;

10 In other words, o.= A-C, p = A-C is not the only possible solution; a.= 6.7 A-C, B = 6.7 A*B would fit as well. We
need an unambiguous solution.
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1=-2¢c—>c=-1/2;
a=-c=+1/2.

H
t~H1/2g—1/2:\/:.
g

The correct relationship, as we will see in the next section, is

EXERCISE 1-2 Solution

6

= 10°cm3 .

100 cm) (100 cm) (100 cm)

X cm3 = 1m3<
1m

1m 1m
Note that you must cancel each of the three meters in the original value.

EXERCISE 1-3 Solution

*

_ W 2\ _ o200
0 = arctan (;) = arctan (5) = 33.7

r= +x2+y? = +/32+22 =361
EXERCISE 1-4 Solution

x = -1, y =-3 (There were no units.)

r= +yx2+y2= +/(=3)2+ (-1)2 = V10 = 3.16

Be sure to square the negative signs!

*

-3
0 = arctan <_—1) = arctan(3)* = 71.6°

But, x is negative, so we need to add 180° to get 251.6° as the correct answer.
For the second part of the exercise, we have r =4, 6 = 120°. In this direction, there’s no ambiguity.
X=r cos® =4 cos120° = =2
y =71 sin® = 4 sin 120° = 3.46
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EXERCISE 1-5 Solution

This is a demonstration, not a proof:

The green vector is the sum of fT, B , and C , and
can be written as (A+B) + C, or as A+ (B+C).
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Section 2 - Kinematics in One Dimension

Kinematics is the study of the motion (same root as cinema) of an object, without regard to the
causes of that motion. Most of this section involves defining a number of terms.

Displacement and Distance

We'll need first of all to be able to define the /ocation of an object. In one dimension, we can
consider the 'numberline' axis discussed in the last section and use the variable 'x' to label the
position relative to the origin in meters, so that statements such as 'x = +3 m' and 'x = -7.46 m'
mean that the object is 3 m from the origin in the positive direction (not necessarily to the right of
it, though!) and 7.46 m from the origin in the negative direction, respectively.

We also need to be able to describe the change in location of an object. We define the displacement
Ax of an object which started at initial position xi and ended up at final position xras

AX = X¢— X;

Note that, according to this definition, the displacement depends only on where the object started
and ended, not on the path taken.

DISCUSSION 2-1

Suppose that an object starts out at xi = 3 m and ends at xr= 5m, and makes that trip smoothly
and without reversing direction. What is the displacement? Now, suppose instead that the
object travels from x = 3 m to x = 15 m, then back to x = - 8 m, then on to x =5 m. What is
the displacement in that case?

Suppose instead that the object moved from x =5 m to x =3 m. What then would be the
displacement? Is the displacement a scalar or vector quantity? '

Suppose that Object 1 moves from x =5 m to x = 9 m, while Object 2 moves from x =7 m to
x =11 m. Which object had the larger displacement?

In the first two cases, the displacements are the same at +2 m. As was mentioned, the path is not
relevant to the displacement. In the third case, the displacement is -2 m. Since there is a difference
between the motion 2 meters to the right and motion 2 meters to the left, displacement must be a
vector. Finally, both Objects 1 and 2 have the same displacements. In the next few sections, we
will let the sign of a vector indicate its direction.

Distance (s) is the term we use for the length of the path taken. As a rough analogy, think of the
distance as the number of steps one takes getting from A to B.

!'So, if displacement is a vector, it follows that position must technically also be a vector. But how can an object be
described as being at x = 5 m in any particular direction? I think we must consider position as being relative to the
origin, somewhat awkwardly, as a virtual displacement.
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DISCUSSION 2-2

What relationship exists between the distance and the magnitude of the displacement? Suppose
that [ walk the 7 meters from the desk to the back of the room. What is the magnitude of my
displacement? What is my distance? Now, however, I walk from the front of the room to the
rear, then back to the front, then return to the rear. What is the magnitude of my overall
displacement? What is my overall distance? Can you explain why these results are different?

No matter what I do, any motion adds to my distance travelled (I’m taking steps). On
the other hand, if walking toward the rear of the room is positive displacement,
walking toward the front is negative displacement that cancels the first part of my trip,
and eventually I return to the front from where I started for a total displacement of
zero. Similarly, if I travel along a circular arc path, the distance and the magnitude of
my displacement will be different. So long as the direction of motion doesn't change,
the distance is the same as the magnitude of the displacement.

EXERCISE 2-1

Suppose that an object starts out at xi = 3 m and ends at xr= 5 m, and makes that trip smoothly
and without reversing direction. What is the distance? Now, suppose instead that the object
travels from x = 3 m to x = 15 m, then back to x = - 8 m, then on to x = 5 m. What is the
distance in that case?

Velocity and Speed
Often, we want to know how quickly an object gets from one location to another. If we say that

the object is at position Xi at time ti, and arrives at position xrat time tr, then we can define the
average velocity to be the displacement per unit time, or

VAVE =

DISCUSSION 2-2
Is the average velocity a vector or a scalar?
EXAMPLE 2-1

Find the average velocity in each of the cases below. You can assume that the motions start at
t =0 seconds.

Suppose that an object starts out at xi = 3 m and ends at xr= 5 m, and makes that trip smoothly
and without reversing direction in 3 seconds.

Suppose instead that the object travels from x = 3 m to x = 15 m, then back to x = - 8 m, then
on to X =5 m, all in 3 seconds.
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For the first case,
~ Xr— X 5—-3
VAVE = tf_tiz 3_0=0.67m/s.

For the second,
S _E-%_ 5-3
VAVE = tf— ti = 3 _ 0— . m/S.

These results may seem a bit strange in that a person doing the first motion could do so in a
leisurely manner, while someone performing the second would be zipping back and forth in a
superhuman way. Words that may seem to mean the same thing in everyday speech can mean
very different things in Physics, according to how we define them. For example, ...

Average speed is defined as the distance traveled per unit time:

S

d= —.
average spee A

There is no special symbol for the average speed.
EXAMPLE 2-2

Suppose that an object starts out at xi = 3 m and ends at xr=5 m, and makes that trip smoothly
and without reversing direction in 3 seconds.

Suppose instead that the object travels from x =3 m to x = 15 m, then back to x = - 8 m, then
on to x =5 m, all in 3 seconds.

We’ve previously found the distances for these cases, so

for the first case,

S 2
average speed = A3 0.67m/s,

and for the second,

average speed = i= % =16m/s.\

These results may be more in line with your expectations.
HOMEWORK 2-1

Joe runs the length of a 10 m room in 4 seconds, then immediately turns and walks back in 8
seconds. Find his average velocity
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a) for the trip down the room.
b) for the trip back.
c) for the entire trip.

HOMEWORK 2-2

You may remember the fable of the tortoise and the hare. The hare runs at 3 m/s while the
tortoise ‘runs’ at 0.2 m/s. They start the race at the same time, but the hare decides to take a
two minute nap along the way. In the end, the tortoise beats the hare by 0.3 meters.

a) How long was the track?

b) How much time did the tortoise use to complete the race?

The average velocity discussed above is considered over an
interval of time. How can we find the instantaneous
velocity, the velocity at an instant of time? Consider the
following graph, which shows the position of an object as
a function of time, x(t). How would the average velocity
between ti and trbe represented on this graph?

VavgE = A _ %X _ lise over run =

Attt
slope of the line connecting the two points.

How can we
find the velocity
at time t;? Let's

-

decrease the time interval. As the interval becomes
average velocity approaches the
instantaneous velocity, or graphically, the slope
' representing the average velocity approaches the slope
1 of the line tangent to the x(t) curve at the point at which
we wish to know v(t). Mathematically, we write this as

AX

Ep— smaller, the
Hx=
Xp-¥
tf— ti— t B
v = lim —
| | INSTANT = {i} 77
tl tf
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We can do the same with the instantaneous speed:

S
instantaneous speed = lim — .
At—-0 At

We then see that, for infinitely short time intervals, an object
doesn't have time to reverse direction, and so the argument we
gave above leads us to say that the instantaneous speed is the
same as the magnitude of the instantaneous velocity.

LOOKING AHEAD

This process of taking a limit of a quantity as the time L £
interval goes to zero is very common in this course. Sometimes, I will use an abbreviation for
this process. So, suppose quantity Q is a function of time and we would like to refer to its
instantaneous time rate of change (even if perhaps we can’t actually calculate it). Let

. AQ
ITRC(@ = fm 3¢

as a form of shorthand notation.
Acceleration and Jerk

Sometimes, we want to know how quickly the velocity is changing. We define the average
acceleration as the change in velocity per unit time:

R AV
AAVE — E )

and the instantaneous acceleration as

- . Av .
AINSTANT = Algloﬂ = ITRC(V) .

The analysis is the same for a as it was for v, so the effort will not be repeated here. Suffice it to

state that the instantaneous acceleration can be found graphically by finding the slope of the line

tangent to the v(t) curve. In one dimension (only!), the direction of the acceleration can be found
this way: if the object is speeding up, the acceleration is in the same direction as the velocity and
if it is slowing, the acceleration is in the opposite direction as the velocity.

EXAMPLE 2-3
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Given a graph of the position x of an
object as a function of time, sketch the
velocity v. time curve. t

There are a number of special points we
can look for to guide us. Whenever the
x(t) curve is horizontal, the velocity is
zero. In this example, the curve is flat at
t = 0, between 2 and 3, at 5, and at 8.
Then, whenever the x(t) curve is moving
downward, the velocity is negative (and v
vice versa), and the magnitude of the

velocity is proportional to the steepness i 7 —F
of the x(t) curve. \/I

EXERCISE 2-2

From the v(t) curve shown, sketch the a(t) curve. Remember that since this is being done by
eye, the accuracy of each successive curve will be reduced.

We can continue the process indefinitely. For example, the jerk is defined as

. Aa . . Aa - .
Jave = 20 5 JiNsT = Alg)rhA—t = ITRC(a) = slope of acceleration graph,

and so on with the kick and then the lurch:

N

AJ . . AJ .

This process can continue as far as you like or need, although there seem not to be specific terms
for the rest of these quantities. The acceleration, jerk, kick, and lurch are all vector quantities.

Kinematic Equations
Let's use these definitions to derive some possibly useful relationships. Generally in Physics, but
particularly in this course, we examine special cases. In this section, we’ll restrict ourselves to

situations where the object’s acceleration is constant. In terms of notation, we’ll make the
following simplifications:
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o all final quantities (t, xf, vf) can be replaced with the more general corresponding variables
(t,x, v). This perhaps has a psychological aspect, in that we don’t necessarily want to limit
the end points of our problems to specific values;

o the problem starts at ti = 0, so that we can just drop that term. If necessary, we can replace
any t in the results with t¢- ti;

o the arrow over vector quantities will be dropped. The direction of any vector will be given
by the sign of the value inserted into the equation for solution.

Let’s start with the definition of the acceleration (since the acceleration is constant, that value is
also the average value): 2

- Av  vi—vy vy

a = — = =
AVE T AL T -t t

which re-arranges to
v=v;+at (KEql) .
We shall refer to this relationship as kinematic equation Nr 1.3

The next relationship is not developed from
the definitions above. What would a graph of
I velocity look like if the acceleration is
| constant? Since the acceleration is the slope
! of the v(t) curve, constant slope means that
| the curve is a line. I’ve drawn the line with a
! positive slope, although it could just as well
v / ! e have a negative or even zero slope. We want
|
|
t

T _/: to determine an expression for the average
} velocity that is independent of the definition.
t We need to average the infinitely many
values the velocity has in the interval t; to tr.
We can do it without calculus if we're a little clever. First, average just the two endpoints to get

1 f

Vi + V¢
2
Now, average these two points, one above vi by an amount € and the other below vrby the same
amount € to get

Vi+e)+(e—&) VitV
2 2

So € can have any value and result is the same average value for any given pair of symmetrically

2 For example, if every student earns an 85 on an exam, what is the average exam grade?
3 Although we said this will be valid only for constant acceleration, it is in fact valid if a is the time-averaged
acceleration.
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placed points. Since the overall average is the average of the pairs' averages, it should be clear
that the overall average will also be

- Vi + V¢
VAVE = l 5 (KEq 2) .

This is kinematic equation Nr 2. Note that this argument only works for lines, that is, when the
acceleration is constant.

DERIVATION 2-1

We have two expressions for the average velocity, the definition and the one we just derived.
The two expressions must be equal, so long as the condition of constant acceleration is met.

R Vi+V % %
VAVE = 5 Tt
Now, we’ll substitute KEq 1 in for v:

vit(vitat) X-—x
2 ot

A bit of math,
2vit+at? = 2(x — X;)
- 1= = -
Vit+?at =X— Xj
and we have that
X=X +Vit+ -at* (KEq3).
DERIVATION 2-2

Let’s start with the same two expressions for the average velocity as in the previous derivation.

w4V i-%
Vv = =
AVE 2 t

Multiply both sides by 2:
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— —

X— Xj

Here’s the tricky part. We’re going to take the dot product of each side with at; on the right,
we’ll use that exact term, but on the left, we’ll use something equivalent to it (from KEq 1),
V- v

X— X5 .
-at

V-v) i+v)= 2
V-V—V, 9 = 23- G- %)
vZi-vi = 2a-(X— X;)
vZ =vi+ 2a-(X— X;) (KEq4).4
Now, we have four kinematic equations that are valid in the special case of constant acceleration:
v=v;+at (KEql) ;

Vi + V¢
VavE = — > (KEq 2) ;

X = Xi+Vit+%at2 (KEqB) 5

vZ =vZ+ 2a(x— x;) (KEq4) .

Various combinations and perturbations of these should allow for solving most problems. Here,
however, is a warning: do not rely on the equations by themselves to solve problems. The
equations are in a sense tools, but it still requires the brain to direct their use. Keep in mind that
various textbooks and websites may use different kinematic equations; you must start your
solutions with one or more of these specific four or a definition given here in this course and work
from there.

As we start to do examples and homeworks, I suggest strongly that you stick to the model presented
here. I think the steps shown form the best path to avoid making errors or omissions. If I knew a
better way, I’d show you that. In Section 1,  made a point that Physics is not just plugging numbers
into equations. However, to get started, that’s basically how we’re going to roll. The process is
to make a sketch to help visualize the situation; this can be used to indicate the origin and which
direction is positive for whomever is reading your solution. Then, we make an inventory of
quantities we know, quantities we think we know, and quantities we want to know. Then, if we’re
lucky, there will be a kinematic equation that has only those quantities in it. If not, we may need

4 There is a slightly quicker way to do this that unfortunately doesn’t preserve the vector nature of the quantities.
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to use two equations. Identify which equation is to be used. And again, as mentioned above, we’re
going to drop the arrows above the vector quantities for convenience.

It is better if you manipulate the equations symbolically, inserting the numerical values just before
the end. There are two reasons for this. The first is that you will start to see how the various
quantities interact with one another as they appear over and over again throughout the course. The
second is more practical. Suppose your boss tells you that the car was moving at 15 m/s, and you
insert the numbers at the top of a long and tedious calculation. When he returns to tell you the
initial speed as actually 12 m/s, what will you then need to do? Better to be able to just insert the
new value into the penultimate step.

EXAMPLE 2-3

A distracted driver traveling at 15 m/s notices a stop sign when he is 10 m from the stop line. If
the car decelerates at 6 m/s?, how quickly is the car moving as it passes the stop line?

Let's write down the quantities which we know —_— s
either implicitly or explicitly, as well as what we O
want to figure out; I call this the inventory.

Let positive x be in the direction the car is M
moving and the origin be where the driver first

origin (x = 0) x=10m
applies the brakes.
xi=0m
xf =10m
vi=15m/s
vi =7 «—

a = - 6 m/s” (a deceleration of 6 m/s* is an acceleration of - 6 m/s?, since a velocity becoming

less positive is the same as one becoming more negative).
t=7?

Since the kinematic equations are really all the same relationships presented in slightly
different forms, we can look for one which contains all of the quantities above. Sometimes
this works, sometimes not; in this case we're lucky:

vZ =vi+ 2a(x— xj). 5

In fact, not much algebraic manipulation is necessary:

vV = \/Vlz + 2a(x— x;) = \/152 + 2(—6)(10 — 0) = +10.3m/s.

5 Since we’re in one dimension, we can drop the dot product if we assign the proper sign to the vector values. If the
displacement and acceleration are in the same direction (++ or --), then the dot product is positive as expected. If they
are in opposite directions (+- or -+), then the dot product is correctly negative)
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I’ve chosen the positive root, because I know that the car is travelling in the +x-direction.

We should spend a few moments discussing why the equation gave us two possible answers. The
kinematic equations are valid if the acceleration is constant, in this case at -6 m/s?, for all time.
That is, it assumes that the car is starting off infinitely ago at x = negative infinity, travelling with
a speed of plus infinity, slowing and slowing until it arrived at the origin at t=0 while traveling at
15 m/s. It then slowed to a stop. While the car in our problem may stop and remain stopped, the
equation thinks that the car begins to move in the negative x-direction, passing the sign at -10.3
m/s, passing the origin at -15 m/s, and continuing back to negative infinity, arriving there with
infinite speed at the end of eternity. It falls on us to make sense of whatever results the equations

give us.

EXAMPLE 2-4

e

[ [

origin (x = 0) x=12m

xi=0m
xt=12m
vi=+8 m/s
vt =+25 m/s
a="7«

t=7 «

A box moving along the x-axis initially
has a velocity of +8 m/s. It experiences a
constant acceleration as it travels 12
meters, at which point it has a velocity of
+26 m/s. What was the acceleration and
for how much time did the box travel?

I’m pretty sure there is no one equation that will give us both quantities. Let’s try KEq 4 to

find the acceleration:

v =vi+ 2a(x— x;)

v2 —v? 262 —

2

AT k- x) 212 -

= +2552
0) Ts2

Now, we know more, so we have more options. We could use KEq 3, although that would
require solving a quadratic equation, or we can use KEq 1, which is much easier:

v = vj+at
t_v—vi_25—8_067
- Ta 255 0%

EXAMPLE 2-5
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A different box moves along the x-axis, initially with velocity 6 m/s with an acceleration of +2
m/s?. How long does it take to slide 8 meters?

xi=0m
Xf =8 m
vi=+6 m/s
vt =7
a=+2m/s’
t=7«

Looks like we need to use KEq 3:
X = Xi+Vit+ %atz .

Since this is a quadratic, this is one of the few exceptions as to when to insert values. Put the
numbers in and re-arrange the equation to the standard ax? + bx +c = 0 format and make use
of the well-known quadratic solution formula.

8= 0+6t+ (2t

t?4+6t—8=0 ; a=1b= 6,andc = -8

t_ —b +vbZ—4ac _ —(6) ++/(6)* — 4(1)(-8)

73 2(1) = +1.12secor — 7.12 sec .

Once again, we have received two solutions. In this case, we realize that the box arrives at its
destination after it left its starting point, so the correct answer is +1.12 seconds.

HOMEWORK 2-3

A car with an initial velocity of +6 m/s accelerated for 4 seconds, by which time its velocity is
+21 m/s. What was the car’s acceleration and what is its displacement?

DISCUSSION 2-3

What should we do when the acceleration is not constant? Suppose that it is constant over
some time interval, then changes abruptly to a different constant value.

EXERCISE 2-3
A car starts from rest at t = 0 and accelerates at +4 m/s> for 5 seconds. It then continues to

accelerate at +6 m/s for an additional 3 seconds. How far has the car travelled in those 8
seconds?
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HOMEWORK 2-4

A speeder passes a parked black and white at 40 m/s and continues on, obliviously maintaining
a constant velocity down the straight, level road. At that instant, the cop car starts from rest
with a uniform acceleration of 5 m/s>. How much time passes before the cop catches up to the
speeder? How far does the cop car travel in that time? How quickly is the cop car going when

it catches up with the speeder?

Acceleration due to Gravity

In the very special case of an object moving freely near the surface of the earth under no other
influence except the earth's gravity, the acceleration of the object will be some value near 9.8 m/s?
downward (it does vary from place to place). You will verify this in a laboratory exercise. Your
text probably refers to this quantity as the acceleration due to gravity, g. 1 would prefer that for
now you use the symbol ag, reserving g for the strength of the gravitational field, which is not the
same thing, as we shall discuss in Section 5. Except in lab, we will be rounding this number to 10
m/s%, since we are not trying to send a probe to Mars or anything complicated like that. The graph
shows the results of a double experiment where metal balls of different masses were dropped from
known altitudes H and the times to fall to the floor were measured. Let’s spend some time on this.

. 0.4
o
2
8 03 ® 27.8grams 0
- &
g 16.2 grams -
o o
v 02 y =0.2027x + 0.0013
‘©
w X
=0.2028x + 0.0027
201 ® Y X
) .
= .
= 0
0 0.5 1 1.5

Distance Fallen (m)

If the balls start from rest at the origin, this reduces to

1 1
H=0+0+§agt - HZE

2
agt? .

First, we are assuming that
he acceleration due to
gravity is a constant,
which may or may not be
true. We can consider this
assumption to be our
hypothesis. 1f that is true,
then we should be able to
make use of the kinematic
equations to make a
testable prediction. For
example, kinematic
equation 3 is

1 2
X=X+ vit+ Eat .

The parameter we control is the altitude, H; this is the independent variable and as such it should
be placed on the horizontal axis. The dependent variable is the time, and it goes on the vertical
axis. Here, our proposed relationship doesn’t imply a linear relationship between H and t, but

rather one between H and t*:
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2
t?=—H .
g

So, we won’t plot the time against the altitude, but rather the square of the time against the altitude.
The proportional relationship between t*> and H is demonstrated by the data forming a line that
passes through the origin.

Next, we’d lie to extract some information from the line. A line can completely defined by just
two quantities, usually the slope and the y-intercept, although the x-intercept can replace one of
the other two. Comparing the ‘theoretical’ relationship with the fit to experiment,

2
t? = —H
a

g
y = (slope)x + (intercept) ,

we see that the slope should equal 2 divided by the acceleration. Solving, we obtain

Mass Acceleration due to gravity
27.8 grams | 9.867 m/s*
16.2 grams | 9.862 m/s?

both results being less than 1% from the accepted value for Catonsville.
Let’s review:

1. We assumed that ag is a constant.

2. Based on that assumption, we used out theory to predict the relationship between the

altitude of release and time to fall.

We linearized the relationship by plotting t* instead of t v. H.

We did least squares best fits to determine the slopes and intercepts of the lines.

5. By comparing the ‘theory’ and the equation for a line, we verified that there is no missing
constant term in the theory equation, and that the acceleration is indeed constant.

6. We determined the value of the acceleration for each ball.

7. We showed that the acceleration is independent of the mass of the object dropped.

W

EXAMPLE 2-6

Let's drop a water balloon onto the sidewalk from the top of a 20 m tall building. How quickly
will the balloon be moving at the bottom and how long will it take to arrive there?

We have some choices to make. You can make any point you like the origin, but there are two
obvious choices that would probably make the solution mathematically easier to solve: the top
of the building and the foot of the building. Similarly, you can make up be positive, or down
be positive. Let up be positive and the origin be the top of the building. In addition, the word
‘drop’ tells us something about the initial velocity. Then,
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xi=0m

xf =-20m
vi=0m/s
vE =9 «—
a=-10 m/s’
t=7?«

Let's check to see if there is a single kinematic equation that will give us the answer, and
there is, KEq 4:

vZ =vi+ 2a(x— xp) ,

v = \/Vlz + 2a(x— x;) = \/02 + 2(-=10)(=20 — 0) = V400 = —20m/s .

We must take the negative root here, because the balloon is moving in the negative direction
at the end of the problem. The equation doesn't know to do that; we need to keep an eye out.
As for the time, the shortest method is to make use of the final velocity above and use KEq 1:

v = vj+at

t_V—Vi_—ZO—O_Z
-T2 T 10 %

Alternatively, we might have used KEq 3:
X = Xi+Vit+ %atz ,
—20=0+0t+ %(—10)t2 ,

which, while technically a quadratic equation, is easy to solve.

_2(-20) _

2 —_
10 =4 > t= 42 seconds

We take the positive root because the balloon hits the ground after it's dropped.

DISCUSSION 2-4

Consider an object thrown straight upward. What is the acceleration on the way up? What is
the acceleration on the way down? What is the acceleration right at the very top?

Well, let’s consider the object’s velocity. On the way up, it’s slowing, so the acceleration is in the
opposite direction, or downward. On the way down, the object is speeding up, so the acceleration
is also downward. Is the acceleration zero at the very top? It is common to assume that it is zero,
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but that confuses that velocity with the acceleration. We vy
can look at the graph and see that the slope of the v(t) graph
when v = 0 is still -9.8 m/s?>. Or, think of the velocity the
instant before the peak (positive) and the instant just after
the peak (negative); the acceleration measures the change
in velocity, which became more negative in that time
interval.

slope = accleration

EXERCISE 2-4

A ball is thrown from the street such that it rises past a
25m high window ledge at 12 m/s. Find

a) the velocity with which it was launched,

b) the maximum altitude above the street it reaches,
c¢) how long ago it was thrown, and

d) the time until it returns to the ground.

HOMEWORK 2-5
A rocket is launched straight upward from rest with an acceleration of 40 m/s? for 5 seconds,

at which time it runs out of fuel. How high will it rise? HINT: what is the rocket doing at the
moment it runs out of fuel?

A Different Graphical Interpretation

DISCUSSION 2-5

Consider a special case of an object moving with
constant velocity in one dimension. The graph of
this motion is shown. We've already defined the
average velocity (or in this particular case just the

e — T i e Ty

plain old velocity, since it's constant) as
Ax L M £
V= — .
At

From this relationship, we see that the displacement is given by

Ax = v At .
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How is this quantity represented on the graph?

What about other cases? Let's try constant but non-
zero acceleration, i.e., the velocity is represented by a
straight but not horizontal line. Since the velocity is
not constant, we can not use the trick above, but we can
use a craftier one: Let's break the time interval up into
many very small time intervals, Ata (n is just an index,
i.e.,if n=23, we're talking about the 23" such interval),
so that the velocity is almost constant over each. Then
the displacement over each interval, Axx, is vn Atn, and

the total displacement should be
Ax = ZAxn = ZvnAtn
n n

Graphically, this is the sum of the areas of each of v

the little rectangles in the figure. 7 RN | o
Of course, in this example, we are always L S IR — il :
underestimating the displacement, because we're YT 257 |
multiplying each At by the lower than average : :
initial velocity of each interval. So, we want to !: Aty L t

make as many intervals as possible, each over as
small a time interval as possible, to reduce this
error. As we let the number of intervals go towards infinity, we can see that the little triangles atop
each rectangle get smaller and smaller,® and that the total rectangle area we are counting tends
toward the total area under the line. So, we see that the total displacement will be represented on
such a graph as the area under the curve.

The original shape under this curve was a trapezoid, the area of which is

h; + h,

b
2
Substituting values results in

Vi+ V¢
2

At = VAVEAtz Ax .

¢ As we increase the number of intervals by a factor, G, the number of triangles increases by G, but the base and height
of each triangle are reduced by factor G and their areas each by factor G The error caused by the missing triangles
then goes as G/G? = 1/G. As G —oo, the missing area goes to zero.
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So, for an object with constant acceleration, the area under the velocity v. time curve represents
the displacement. Then, we can generalize this result for any shape of curve: the area under a
velocity v. time curve represents the displacement.

r—

w(t)
]

vit)

t

positive, but there is a negative acceleration (slope of the
line). Eventually, the velocity becomes zero and the object
comes momentarily to rest, having traveled through a

Also, we can use exactly the same argument to assert
that the area under the acceleration v. time curve is the
change in velocity. That bears repeating: we can't get
the velocity from the curve, only the change in
velocity, in the same way that we got the
displacement, the change in position, for the velocity
v. time curve, not the object's position itself.

Here is a quick explanation. Consider the two velocity
v. time curves shown. Each of the two curves will
generate the same acceleration curve, since the slopes
of the two are the same for each value of time, t. So,
given a particular acceleration curve, it would be
impossible to determine which of an infinite number of
velocity curves it was derived from.

Let's look at another w)
situation. In this case,
the velocity starts out

displacement represented by the area under the curve (the red

area). As time progresses, we see that the velocity becomes \
negative, the object reverses direction, and we would expect that

the displacement from the starting position will decrease. The

way to make this consistent with our interpretation of the area is that any area under the time axis
must be considered negative. Indeed, the object may well arrive back at its starting point, for a

total displacement of zero.

(L)

Consider a mass oscillating
on a spring. The velocity v.
time curve is shown below.
Once per cycle, the object
returns to its starting point
for a displacement of zero.

At that time, the area under the curve must equal zero.

So, to review this section, we can in principle find the ITRC of a quantity by examining the slope
of that quantity’s time graph, and we can find the change in the preceding quantity by looking at

the area under its time curve.
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slope slope slope slope slope slope

X v a ] k lm. o0
Ax Jlrea AV Jrea Aa%rea AJ Zirea Ak arca Al arca

HOMEWORK 2-6

The velocity v. time graph of an object is approximated by a triangle that starts at v=0 att =
0, rises to a maximum of v =7 m/s at t = 4 sec, then returns to zero at t = 13 sec. How far did
the object travel? HINT: sketch the graph first.

EXERCISE 2-1 Solution

In the first case, since the trip is made without reversing direction, the distance will be the same
as the magnitude of the displacement, or 2 meters. Or, if you prefer, we’ve taken 2 m worth of
steps. In the second case, each segment of the trip is one way, so we can count segment by
segment.

3—15 12m

15—-8 23m

-8—5 13m

48 meters in total

EXERCISE 2-2 Solution

EXERCISE 2-3 Solution

_47 -



We treat this as two separate problems, where to location of the car at the end of the first part
becomes the initial location for the second part, and the final velocity from the first part becomes
the initial velocity for the second part. So, for the first part,

xi=0m
Xf =7«
vi=0m/s
Ve =9 «—
a=+4 m/s’
t=135sec

KEq 3:

KEq 1:

For Part Two:

Xi=5m
Xf =7 «—
vi=20m/s
vi =7 «—
a=+6 m/s’
t=23sec

KEq 3:

EXERCISE 2-4 Solution

X = Xi+Vit+ %atz

x= 0+ (0)t+ %4(5)2 =50m

v=vi+at=0+4(5) =20m/s.

X= x;+vit+ %at2

x = 50+ (20)3 + %6(3)2 =137 m

The first thing is that this is really three problems. Every kinematic problem has a starting point
and an ending point. For Parts a and c, the problem begins at the ground and ends at the window
ledge with the ball rising. Let’s put the origin at the foot of the building and make upwards be
positive. Then, the inventory looks like this:

Xxi=0m
Xf=25m
Vi=9? «—
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vi =+12 m/s
a=-10m/s?

t=7«
KEq 4:
v =vi+ 2a(x— x;)

vi=v?Z— 2a(x— x;)

vi = V2 —2a(x— x;) =122 —2(=10)(25— 0) = +25.4m/s
We take the positive root because the ball was obviously thrown upward.
KEq 1:
v = vj+at

v—v; 12-254
a  —10

= 1.34 seconds .

Part b is a different problem. It can start either at ground level or at the window ledge, but it
definitely ends at the highest altitude, where, for a moment, the ball stops. Let’s start at the ledge.

Xi=25m

Xf =7 «—

vi=+12 m/s

vt = 0 m/s (the ball stops)
=-10 m/s?

t="7?

KEq 4:

v =vZ+ 2a(x— x;)

2 2 02 _ 122

Ve — vV
= Xj = 25+———=322m.
X=X+ 2a + 2(=10) m

Keep in mind that you could have used KEq 1 to find the time, then KEq 3 to find the altitude.
There are often several paths to the answer.

Part d is yet another problem, starting at the window ledge and ending when the ball hits the
ground.

Xi=25m
xf = 0 m (lands on the ground)
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vi=+12 m/s
ve =9
a=-10m/s?

t=? «

KEq 3
X = Xi+Vit+ %atz

Since we’re solving for the time, let’s go ahead and insert values.
0= 25+12t+ - (-10)t?

5t2 —12t—25=0

e —b +vbZ—4ac  —(-12) +./(-12)% — 4(5)(-25)

2a 2(5) = +3.74secor — 1.34 sec .

These are the times that the ball is on the ground, and we want the one that is in the future, that is,
at 3.74 seconds. Note also that we have solved Part c again, since the ball was launched from the
ground 1.34 seconds before reaching the ledge.
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SECTION THREE — KINEMATICS IN TWO DIMENSIONS

In the last section, we discussed the kinematics of a point mass in one dimension. Again,
kinematics describes the motion of an object without regard to the cause of that motion. In this
section, we shall examine two special cases of two dimensional motion: projectile motion and
uniform circular motion.

We need a way of keeping track of the motion of a particle. Luckily, we discussed this back in
Section One, where we defined the position vector T as

~

r=xi+yj.
The displacement is then

-

Ar=Te— 1= Xel+ye) —i+yi)) = Ge—x) 1+ (r—yi)j= Axi+Ayj.

so that the displacement is the vector sum of the individual displacements in the x and y directions
(no surprise there). The average velocity is

R Ar A(Xi+yi) AX1+Ay] Ax Ay | ) )
VAVE = 7o = At At At i+ Al VxavElt Vyave] -

The instantaneous velocity v is defined as before as

VinsT = Al%m VAVE = 11m VxAVEl + 11m VyAVE] = Vyinst 1+ Vyinst] -

And, of course, because the acceleration is to the velocity as the velocity is to the position, we can
immediately write that

apvg = axave 1+ ayave] and awst = axinsti+ aymst] -
DISCUSSION

Consider a ball whirled around on the end of a string at constant speed. Is the velocity of the
ball constant? Is its acceleration?

PROJECTILE MOTION IN TWO DIMENSIONS

Projectile motion describes objects that are thrown, dropped, launched, tossed, pitched, hurled,
catapulted, or chucked near the surface of a planet. Such objects are said to be in firee fall. We
shall assume the following for now:
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The planet’s gravitational field is uniform, i.e., constant in direction and magnitude. Once an
object is launched, the only agency acting on it is gravity; therefore its acceleration is a constant
ag downward.

This assumption leads us to suspect that the horizontal and vertical motions of an object are
independent. We confirmed to some degree of satisfaction by observing a demonstration.

DEMONSTRATION 3-1

VIDEO

First, two balls were released from rest at the same time and allowed to fall toward the table; they
arrived at the same time. Then, one ball was dropped while the other was launched horizontally
from the same height at the same time; once again, they arrived at the same instant. This led us to
an interesting conclusion, namely that the motions of the object in the horizontal and vertical
direction will be independent of one another, thereby making a two-dimensional problem in fact
two one-dimensional problems. Of course, there are many situations where this is not true. For
example, if we were to account for drag, or as you seem to know it, air resistance, this assumption
could be false.

So, following our assumptions, we have two sets of kinematic equations, which I am simply
copying from Section Two,

Vxf = Vxi T axt Vyr = Vyi T ayt
Ve AvE = Vxf + Vi v Vyf+ Vyi
X - = -
X=X--}-V-t+lat2 = v. + -t+1 t2
P Xt Vit ga Ve = ¥i+ Vyit+ 2ay
2 _ 2
Vyf = Vii + Zax(xf - Xi) V}27f = Vsz,i + Zay(Yf - Yi)

with the time as the obvious connection between the two motions.

Before we start on examples, let me talk briefly about what I call Rule Number One,! which says
that in problems in which there is acceleration, you should make one of the codrdinate axes in the
direction of the acceleration and the other perpendicular to that. The reason for this is to avoid
breaking the acceleration into components, an action that generally makes the mathematics of
solving a problem much more difficult. For projectile problems, this probably seems very natural;
make horizontal the x-axis and vertical the y-axis. Remember, though, as the semester moves
along, that the situation may change.

! Strictly speaking, it’s a Really Strong Suggestion.
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Here follows an example that you should use as the model for solving most projectile problems.
ADMONITION

When we do projectile problems, we remember that the problem runs from the moment just
after the ball leaves the table to just before it hits the floor. If the problem asks for the final
velocity, do not assume it is zero because the ball hit the floor and presumably stopped! During
the collision with the floor, there was another agency besides gravity acting on the ball, and so
the acceleration was not constant and the kinematic equations are not valid.

EXAMPLE 3-1

A ball is rolled horizontally off a table 1.2 m in height at 5 m/s. How far from the base of the
table will the ball strike the floor?

First, draw a figure to help visualize the situation,
¥ including a system of axes with an origin. Your choice
Sm's of origin can be arbitrary, but in this problem, there are
y.— B ——=, two obvious locations: the top edge of the table and the

! o foot of the table. The top is a slightly better choice for
K reasons you are invited to work out on your own. But

*, don’t get hung up on it, the bottom will work out O.K.,
\ too. The axes are chosen to be x horizontal and y vertical,

| according to Rule Number One above. All these things

are labeled in the diagram so that whoever is grading your

%=-15 \\ - paper can easily tell what you are doing. Here, I’ve added

=10 ¥p=? in a few other pieces of information as well.

origin

Next, make your inventory of what you know, what you think you know, and what you want
to know. This is pretty standard for every problem. We’re interested in what’s happening in
the x-direction, so let’s start there. I use question marks for quantities I don’t know and arrows
for the ones I don’t know but want to know.

Xi=0m
Xr= 7 <
Vxi = +5 m/s

vxf =+5 m/s (why?)
ax = 0 m/s? (the acceleration is downward, and not at all horizontal, once the ball is in free fall)
t="7?

As we did in the last section, we’ll try to find a kinematic equation, or a combination, that will
give us what we want to know. Is there one?
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Since there is not enough information on the x-side, we need to look to the y-side. Here I will
give you what I call an 80% Rule.> Generally, it’s the time that is common to both sides of the
problem, so I will find the time for the y-side, if possible, then bring it back over to the x-side,
at which point I may have enough information there to solve. Since the time features
prominently in KEq. 3, I’ll probably use that on both sides.

yi=0m
yf=-1.2 m (upward is positive and the ball moved downward from the origin)
vyi = 0 m/s (the ball was travelling horizontally and not at all vertically as it left the table)

Vyf = ?
ay = -10 m/s? (we chose upward to be positive)
t=7?

Next, we state which principle of Physics we are using, in this case, KEq. 3:
1
Ve = Yi+ vyt + sapt?

As discussed in Section Two, it’s best to try to manipulate the symbols to secure a general
abstract solution, but since we want to learn the time, KEq. 3 will become a quadratic equation
in t, which is the exception to our rule. Inserting the numbers and re-arranging to the standard
format leaves us with

(5)t2 + (0t + (=1.2) = 0,

which, it turns out, we can solve directly:

1.2
— = + 0.49 seconds .

t=
5

-+

Since the ball hits the floor after it leaves the table, the time must be positive, so t = 0.49
seconds. We’ll take this back to the x-side to find xt.

Xp = Xj + Vit + sa,t? = 0+ 5(0.49) + 0(0.49%) = 2.45m .

EXAMPLE 3-2

2 The 80% number is obviously made up, [ merely mean that this will work a large per centage of the time and it’s
how I myself would start such a problem. If it doesn’t work, then try something else.
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Take the same ball as above and launch it from the
edge of the table at 5 m/s at a 30° angle above the

¥ W
: L n horizontal. How far from the foot of the table will it
N land?
w=0 X ek

1 v.cos6
( \ What is the only way in which this problem is
ortein K different from the previous example? How will you
& Y deal with that difference?
\ Use the same origin and codrdinate system as above,
Yo=.15 E‘ﬂ because, well, why not?
f : — X
Xi= |:| xf'_ !
xi=0m
Xf= 7 <

vxi = vi cos 0= 5 cos (30°) = +4.33 m/s (find the x-component of the initial velocity)

vxt = +4.33 m/s
ax = 0 m/s?
t=2?

Well, we don’t have any more information about the x-motion this time around than we did
the last, so our plan should be the same as for the previous example. Let’s move on to inventory
for the y-side:

yi=0m
yf=-1.2 m (upward is positive and the ball moved downward from the origin)

Vyi = vi sin © = 5 sin (30°) = +2.5 m/s
Vyf = ?
ay = -10 m/s? (we chose upward to be positive)
t=2?
KEq. 3:
1
ye= Yi+ vyt + sapt?

This will be quadratic, so insert the numbers and re-arrange:

G)t? + (=25)t+(-1.2) =0,

= —(=2.5) + \/(_22(-232 —40)(12) —0.3 OR + 0.8 seconds .

Taking the positive time back to KEq.3 in the x-side:

Xr = X;+ Vgt + Jayt? = 0+ 4.33(0.8) + 0(0.8%) = 3.46 m .
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HOMEWORK 3-1

A ball is thrown horizontally from the top of a 26 m tall building and hits the ground 12 meters
from the base of the building. With what initial speed was the ball thrown?

EXERCISE 3-1

A classic problem involves a hunter on the ground trying to shoot a monkey at the top of a tree.
The hunter is 30 m away for the base of the tree, the tree is 40 m high, and the speed of the
arrow, once off the bow, is 35 m/s. Not having taken Physics, the hunter aims directly at the
monkey and shoots. The monkey, however, sees the hunter shoot, and figures the quickest
escape is simply to fall immediately from the tree towards the ground. Show that, in spite of
this, the hunter hits the monkey after all. You should ignore the hunter’s height, that is, the
arrow starts at ground level.

EXAMPLE 3-3

Let’s try an example where we don’t use the 80% Rule. An object is thrown horizontally from
the top of a building of height H and hits the ground below four seconds later at a 45° angle.
How tall is the building and with what speed was it launched? How far from the base of the
building did the object land?

You should draw the figure for this. Let’s put the origin at the base of the building and make
positive x be horizontal to the right and positive y be upward. What do we know?

xi=0m yi = ? «— (this is the height H)
Xf=7 yr=0

Vxi = 7 vyi = 0 m/s (launched horizontally)
Vxf = Vxi vyf=?

ax = 0 m/s’ ay = -10 m/s?

t =4 seconds

Finding the height of the building is straightforward with KEq. 3:
1
ye= Yi+ vyt + sapt?

H=y; = yr— vyit— ja,t? = 0 — 0(4) — (-5)(4*) = 80m .
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Now for the x values. Looking at the x-side, we see that even
knowing the time does us no good. So, what else links the
two sides? We know something about the final velocity
components. The angle in the diagram is -45° (below the x-
axis) and the ratio of the final velocity components is

Vyf
——=tanb =tan(—45°) = —1 - vy = —Vy.
Vxf

Since the final x velocity is the same as the initial, KEq. 1
tells us that

Vyi = Vyf = —Vyr = —(Vyi + ayt) = —(0 +
(—10)(4)) =40 m/s.

Lastly, xris given by KEq. 3 as

Xp = X;+ Vgt + 2a,t2 = 0+ 40(4) + 0=160m .

DISCUSSION

Students, if asked, often guess that the object lands 80 meters from the base of the building;
after all, it hit the ground at a 45° angle, and the building is 80 m tall. This would seem to
imply that the object followed a straight line from the top of the building after having made an
abrupt change of direction immediately after launch. In a moment, we’ll discuss the path

actually taken by the object.

EXERCISE 3-2

Repeat Example 3-3 if the object had hit instead at an angle 53 degrees below the horizontal.

Shape of a Projectile's Path

There are some interesting ideas circulating about the shape of the path (the trajectory) taken by a
thrown object. As mentioned, some students assume that the object of the previous example
follows a straight line path from the top of the building to the ground. On the other hand, cartoon
physics says that a coyote running horizontally off a cliff continues horizontally, until he realizes
his predicament, then falls straight downward. Let's try to determine the actual type of path a
projectile will take through space near the surface of the earth, that is, we want y as a function of

X.

DERIVATION 3-1
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Start once again with the kinematic equations; we’ll use our 80% Rule. Call the starting point
the origin, and let upward be +y and horizontal direction of motion be +x. Then,?

xi=0 yi=0
Xf="? yf="?

Vxi = Vo 0800 Vyi = Vo Sinbo
Vxf=? Vyf=?

ax=0 ay = ag

t=72?

This time, we’ll start with the x-side and find the time:

X = Xj + int + %axtz

x= 0+ v,cos0,t+0 -» t= ——
orrre V,C0s8,

Now to the y-side:
1
y=yit+ vyit+ ayt?

e o I UL e
———+ —a, (————) = (tanB,) x+ (=—————] x2.
vocos8, 2 8\v,cosf, © 2vZcos28,

This looks messy, but that’s O.K., because we don’t care at the moment about most of it. For
any given launch of an object, vo and 0, are fixed. We can’t go back and change their values
midway through the trip. Let’s replace the tangent term with a generic positive constant, A.
Then, lump all the constants in the x*> term together and call them negative constant B
(remember that ag is negative here):

y = 0+ v,sinB,

y(x) = Ax + Bx? .

You should I hope recognize this form of curve; it is an example of a parabola, specifically
one ‘open down’ and symmetric around a vertical axis.

So, so long as we meet the conditions outlined at the beginning of this section, any object thrown
near a planet’s surface should follow a parabolic path.

The Range Equation

3 Notice that the initial speed is labelled v, here. A ‘nought’ subscript denotes a specific value that isn’t actually
known.
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Let's discuss a special case of projectile motion which is of historical interest. In the 17" and 18
century, being a physicist usually meant being an artillery officer. As is usual, we will consider a
special case.

DERIVATION 3-2
Consider a flat horizontal plain (which is also a plane) on which are located a battery and a
target. Given an initial projection angle 0o (elevation) and launch speed vo (muzzle velocity,

for guns or cannon), how far will the projectile land from the gun (range, R)?

Because the plane is horizontal and

flat, yo = yr= 0. We’ll launch our y

projectile from the origin, for

convenience.

xi=0 i=0

xf=R «— §f= 0 originj R
Vxi = Vo c0s0o Vyi = Vo sinfo

Vxf = ? Vyf =7

ax=0 ay = ag

t="7?

Once again, we’ll try our 80% Rule, starting on the y-side to find the time with KEq 3:
1
ye= Yit+ vyit+ sapt? .
Insert some values and substitutions:

. 1

0= 0+ v,sinf, t+ Z—agtz,
. 1

0= (Vosme0 + Eagt) t.

For the right side here to equal zero, either t = 0 (which is uninteresting; we already know the
object was on the ground at the start of the problem), or

) 1
v,sinf, + Sagt= 0,
in which case

(= —2 v,sinf,

dg

This may look a bit strange. Is the time actually negative? Did we hit the target before we
launched the projectile? No, we’re O.K. Having said that, I hate negative signs, so I’ll take
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the absolute value of the negative acceleration and that will cancel the negative sign in the
numerator:

_ 2V,sing,
| ag |

So, this is the time for the entire trip. How far does the projectile travel horizontally in that
time. Back to KEq. 3.

X = X;+ vyt + %axt2

2v,sinB,  v5(2sinB,cosh,)

|ag| - |ag|

R= 0+ v,cos0,t+ 0 = v,cosB,
Finally, we’ll use a trig identity to make this prettier: 2 sina cosa = sin(2a). This brings us to

the final result of

vZsin(20,)

|ag|

Remember that this result is valid only when the assumed conditions are met, particularly that
the launching and landing spots must be at the same altitude. Otherwise, you will need to treat
this as a projectile motion problem to be solved from scratch.

DISCUSSION

In ‘real life,” we would also worry about a number of effects that would make the result above
invalid, particularly for large ranges. Can you think of at least three?

EXAMPLE 3-4

A ball is thrown at 20 m/s at an angle of 25° above the horizontal over a flat surface. How far
from the launch point will the ball land?

This is straight plug-and-chug:

v5sin(26,) 207 sin(2 x 25°)  20% sin(50°)
lag| 10 B 10

=30.6m .

EXAMPLE 3-5

Let’s go the other way. The launch speed is 50 m/s and we wish to hit a target 160 m away on a
flat surface. At what angle should the object be launched?
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Re-arranging the Range Equation for theta,

. . (Rlag] . /160x10\ 4, . 1., .
0, = ~arcsin 2 = ~arcsin (T) =5arcsm(0.64) =§(40 ) = 20°.

(0]

DISCUSSION

Examine the Range Equation again. For a given launch speed vo, what launch angle will result
in the largest range?

If we start at 0°, the range will be zero; the projectile will just hit the ground right away. As
we increase the elevation angle, the range will increase until the sine function maxes out at 1.
What launch angle 6, does that correspond to? If that angle results in the maximum range, what
happens when we go above that angle?

Let’s plot the sine of twice sin(28,, )
the launch angle against the
launch angle, 6o. Solving 1—]
the example above meant

finding an angle such that Rag

v,:,z

R
sin(26,) = ——

as can be seen on the graph; o g 45" 80°-@ i

the solution is at the

intersection of the two curves. But, if you follow the dotted line over to the right, you will see that
there is a second angle that fulfills this requirement. Since this curve is symmetric, the second
larger angle should be the complement of the smaller one. So, there are actually two answers to
the example above, the 20° we found, OR 70°, the complement of 20°. Except of course for 45°,
which is its own complement, there should be two answers to these problems.
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So, how is this possible? At a low angle, the projectile is not in the air long, but it has a high x-
component of velocity, while at a high angle, the projectile spends a lot of time in the air, but has
a correspondingly lower x-component of velocity. These two effects combine to give the same
final x displacement as for the low angle case. In the same way, the lower angle launch has a
smaller initial y velocity component than the higher angle launch, and so will not reach as high an
altitude. The lower angle is useful in tank warfare, where it is important to hit the other guy before
he gets off a shot at you, while the second is good if there are obstacles around your target. In the
example above, the travel times of the two paths are

120 _ 2V,sing,
a
| a |
2(50)sin(20°
80 tygo = ( )10( ) = 3.42 seconds
%« 2(50)sin(70°
E= ty00 = ( )10( ) = 9.40 seconds .

The figure at left shows the trajectories of this object
20 for each of the angles, 20° and 70°. The dots
represent intervals of one second. One can see that
if two such objects were launched simultaneously,
the one launched at 70° would still be rising when
the other arrived at its target.

30 100 150 200

Horizontal Displacement (m)

HOMEWORK 3-2
Derive an expression (that is, start with the kinematic equations) in terms of vo, 80, and ag for
the maximum altitude H reached by a projectile. Use this result to calculate the maximum
altitudes for the object launched in Example 3-5 for each angle (20° and 70°). Check your
results against the graph above.

EXERCISE 3-3

Our target is 350 meters away along a flat surface. Our launcher will throw the projectile with
an initial speed of 55 m/s. At what angle (or angles) could we launch in order to hit the target?

HOMEWORK 3-4

You’re playing golf on a flat fairway. The green is 150 m away, and you can send the ball
away at 60 m/s. At what angle or angles could you hit the ball for a hole-in-one?

HOMEWORK 3-5
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Show that, for a projectile thrown at an initial angle 6, above a flat horizontal plane, the
maximum altitude H is related to the range by

__ Rtan®9,
4

HOMEWORK 3-6

To score in Sportsball, you must successfully
throw the sportsball at a target on the wall from
a distance of 12 m. The target is 6 meters above
the floor, and you release the ball with a speed Yo
of 16 m/s at an altitude of 2.5 m above the floor.
At what angle or angles 0o from the horizontal
should you throw the ball. You may find this ‘ X 6m

relationship useful:
25m

tan? 6 +1 =

cos? 0’

UNIFORM CIRCULAR MOTION

Consider an object moving at constant speed v in a circle of radius r; forget about gravity for
now.

DISCUSSION

Does this object have a constant velocity? Which kind of a quantity is velocity? What are the
two parts of velocity? Do they both need to be constant for the velocity to be constant? This
means that the object is doing what?

Let’s find that quantity. We’ll do it two ways, one we could almost call’ traditional,” and the other
a bit less straightforward, but which will leave us with some additional useful relationships.

Before we start, let’s define a quantity we will find useful through the rest of this course. Consider
our object moving in a circle. Suppose that it has moved a distance s along the circumference of
a circle of radius r, where arc s subtends an angle 8. The arclength

relationship tells us that s

st
s = I OrapIaNs -
A radian is the angle such that the arclength s is equal to the radius

r, or about 57.3°. Clearly, if we halve the angle, we also halve the
distance along the arc, so that 6 and s are proportional by the factor %
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r. As an extreme example, there are 27 radians in a circle, since the circumference (the arclength
all the way around) is 27r.

We should next find a way of describing changes in the object’s
position, or the angular distance A0, so that ¥

As = rA06 . Mg

If we consider the instantaneous time rate of change of each side of
the equation above, we obtain

i As Y AD '
MO0 At | atSb At

Since the radius is a constant. The left side we recognize as the speed vr, We add the ‘T’ subscript
because the velocity is tangent to the circle. On the right side we will define the angular speed
(omega), the angular distance per unit time:

This gives us a choice in describing the motion of the object, in terms of either its speed around
the circle or its angular position as seen from the center of the circle:

Vr=Trw.

EXAMPLE 3-6

Consider a race car moving around a circular track at 70 m/s. If the radius of the track is 300
meters, what is the car’s angular speed as seen from the center of the curve?

A%\
VP=Tw — W= —

— =300 0.23 radians/second.

The following derivations will be valid only for objects moving with constant speed. We’ll deal
with the other case later in the course.

DERIVATION 3-3
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Consider a particular point in the
object's path, where the velocity
vector V is of course tangent to the
circle: let's also look just before this
point (Vi) and just after this point (vr),
so that it takes time At to get from the
former to the latter point. These three
vectors have the same magnitude -
(speed is constant) even though the

directions are different. Since the

direction of the velocity changed,

there was an acceleration. How big é

and in what direction is the change,

AV? Let's move the velocity vectors

around so that they are tail to tail:

¥i

The vector AV is the vector that needs to be added to Vi to get the final
result, vr. As the figure shows, AV points toward the center of the circle
(centripetal). Since aaverace = AV/At, the direction of the acceleration
is the same as for Av, and so this is a centripetal acceleration,
ac. Strictly speaking, we just found the average acceleration over this
interval, but if we were to make the time interval At smaller and
smaller, then the average value approaches the instantaneous value at our point of interest, as
we've seen before.

Now for the magnitude of ac. Since the change in velocity and the acceleration are in the same
direction, we can write of their magnitudes that

- Av
% = Jma
First, we have to realize that the angle between the two velocity vectors Vi and Vris the same
as the one labelled 0 in the original figure. We can argue this because the velocity vectors,
being tangent to the circle, are always at right angles to their corresponding location vectors
(the r's), so that as r swings through a given angle, then v must swing through the same angle.

If that's true, then we see that we have two similar triangles, one in real space, the other in
velocity space; each is isosceles (since vi = vi = v and rf = 1i = r) and they have the same apex

angle). In that case, we can write a relationship involving the lengths of the sides of these
triangles:

Ar Av v Ar
A )

Then,
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S
. Av i ¥ Ar  vs  Vxr v(v) v?
€7 MS0At - AtS0TAt  rAt r r r ff/a

where we argue that, as the time interval is made smaller and
our starting and ending positions become closer together on
the circle, the displacement magnitude |Ar| approaches in
value the distance s traveled by the object along the arc of
the circle.

So, in short, an object moving at constant speed about a
circular path has an acceleration that points toward the center
of the circle (centripetal) and has magnitude v?*/r. However, we can rewrite this result by
substitution: v?/r = (wr)?/r = 0’r.

VZ

ac = TT = w?r towards the center of the circle .

DERIVATION 3-4*

Here is a shorter, but more conceptual derivation for centripetal acceleration.* I like it because,
when we’re done, we can make use of it to derive some useful mathematical relationships for
later in the course.

Consider a point mass travelling around a circle at v
constant speed v and angular speed . Use vector T

to indicate the position of the object relative to the

center of the circle. Remember from above that the

direction of v is always changing, but it is also always

tangent to the circle and perpendicular to r, and

constant in magnitude. The position of the object can 0
be described using the angle theta from above, as )/
measured from the x-axis. The direction of the
velocity can be described using the angle ¢ (phi),
which is always 90° more than theta.

<k

-k

For convenience, let’s define a function called the
Instantaneous Time Rate of Change of a variable,
such that, for example,

N

- . Ar
ITRC(r) = AI%E})E =V.

4 This was adapted from Marcel Wellner, Elements of Physics (New York, Plenum Press, 1991), 129-131. This
book presents many interesting alternate ways of looking at elementary mechanics.
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Note that this is nothing new, we’re just calling it something else for convenience.

O.K., we’re ready to go. What we have in T is a vector of constant magnitude whose direction
is rotating CCW at constant rate . Its ITRC has a constant magnitude that is © times its own
magnitude and a direction rotating CCW at constant rate o, 90° ahead of its own. Since there’s
nothing particularly unique about I in terms

of being a vector, I think we can assert that y
a similar relationship will hold for any such

vector. Aha! The velocity here is exactly “ N\
just such a vector! Since a =ITRC (v), we
know that the acceleration will be a vector
of constant magnitude ®v = w’r, rotating
CCW at constant angular speed ®. The o
acceleration is 90° ahead of the velocity,
which is in turn 90° ahead of the position
vector T; since T always points outward
from the center of the circle, the
acceleration, which is then 180° ahead of
the position vector, must point opposite to
r inward to the center of the circle, i.e., it is
centripetal.

ol

<k

MATHEMATICAL DIGRESSION*

If you’re O.K. with the last discussion, we can make use of the concept there to develop some
useful relationships for later in the semester. Consider a vector A with constant magnitude A

rotating CCW at a constant angular speed . At any moment, its direction angle 6 can be
written as’

0= wt.

Let B be the ITRC of A. As discussed, the magnitude of B will be B = wA and the direction
angle ¢ will be 6 + 90°. However, this relationship should be true of the components of A and
B as well:

ITRC(Ay) =B, and ITRC(Ay) = B, .
So, if

Ay(t) = Acos(8) = Acos (wt) and Ay(t) = Asin(8) = Asin (wt),

5 For an object starting at the origin and moving linearly with constant velocity, KEq. 3 reduces to x = vt. This is
analogous.
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Then,

ITRC(A cos (wt)) = ITRC (A () = By(t) = Bcos (¢) = (wA) cos(wt + 90°)
= —(wA) sin(wt)

ITRC(A sin (wt)) = ITRC (Ay(t)) = B,(t) = Bsin ($) = (wA) sin(wt + 90°)
= (wA) cos(wt) .

Or, in summary,

ITRC(A cos ((ot)) = —wAsin(wt) and ITRC(A sin (oot)) = wA cos(wt) .

These statements should then be true for any sinusoidally varying function (not just vectors),
so long as  is constant.

EXERCISE 3-4

Verify the steps converting sine to cosine and cosine to sine above. Make use of these trig
identities:

sin(a + ) = sina cosf + cosa sinf .
cos(a + B) = cosa cosP — sina sinf .
DISCUSSION*

Describe the jerk, kick, and lurch of an object moving in such a circle. What can you say about
their magnitudes and directions?

EXAMPLE 3-7

What is the acceleration of a car that starts from rest and attains a speed of 35 m/s while
traveling in a straight line for 100 m? What is the acceleration of a car travelling at a constant
35 m/s while driving in a circle of radius of 100 m? In which case do you think the tires would
be more likely to slip?

Let’s let the direction of motion be along the x-axis. From Section 2,

xi=0m

xf= 100 m

vxi = 0 m/s (starts from rest)
vxf =35 m/s

ax =7 «—

t=7?
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Looks like KEq 4 may work.

v = v+ 2a(x— x;)

_vi—vP 35202 _P )
4= S —x) _ 2(100—= o) otm/s
For the circular motion,
_v? 352 123 5
ac_r_100_ 3m/s*.

We might well assume that the situation with the higher acceleration would be the one more
likely to have the tires slip.

EXAMPLE 3-8

Suppose you’re on a roller coaster with a loop-de-loop of radius 45 m. As you go over the top
while upside-down, you notice that your bottom has just barely lost contact with your seat.
How quickly is the roller coaster car moving at the top of the loop?

If there is no other agency than gravity acting on you at that point, your acceleration will be 10
m/s*> downward, which at this point is toward the center of the circle. Then,

V2

m
ac=— - V= Jacr = /10(45) = 21.2?

EXERCISE 3-5

Suppose that the moon were a perfect sphere of radius 1740 km. The gravitational field
strength gmoon on the surface of the moon is about 1/6 that at the surface of the earth (We
know this because we’ve been there.). How quickly would you need to launch a satellite so
that it just skims along the surface of the moon?

HOMEWORK 3-7

This was a demonstration when I took PHYS I. The professor took a pail
of water and swung it in a vertical circle with the intent that the water would
stay in the bucket, even when the bucket was inverted. That actually didn’t
work out well for him. What is the minimum number of revolutions per  \
second necessary for Professor Buechner to stay dry?

We shall return for further discussion of centripetal acceleration in a later
section.
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EXERCISE 3-1 Solution

The idea here is that we need to show that, at some point,

K
the bullet and the monkey are in the same place at the oy
same time. The angle theta will be arctan(40/30) = 53°. Y
We have two objects, and so we need a corresponding
number of kinematic equations. The monkey is a bit X
easier, so let’s do that first.

40 m
Monkey
xmi = +30 m ymi = +40 m origin o
xmf = +30 m YMf = yAr =? v om
vmxi = 0 m/s vmyi = 0 m/s
vmxf = 0 m/s VMyf = ?
amx = 0 m/s? amy = -10 m/s?
t=7?
Arrow
xai=0m yai=0m
xaf=+30m YAf = ymr=?
VAxi = Vo €0s(0) = 35 cos(53°) = +21 m/s VAyi = Vo sin(0) = 35 sin(53°) = +28 m/s
vaxf=+21 m/s VAyf=?
aax = 0 m/s’ aay = -10 m/s?

We can easily find the time required for the arrow to travel 30 m horizontally by using KEq. 3:
Xf = Xj + int + %axtz

30
30= 0+ 21t+ 0t2 - t=z=1.435econds.

At this time, both the monkey and the bullet are at x =+30 m. Now at that same time, are they at
the same altitude? For the monkey,

Ve = Vi+ Vyit + japt? = 40+ 0 (1.43) + (~10)(1.43)* = 29.8m .
For the bullet,

Ye= Vi+ Vyit + japt? = 0+ 28 (1.43) + (~10)(1.43)> = 29.8m .
And so, yes, the arrow hits the monkey anyway.
EXERCISE 3-2 Solution
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If the time is still four seconds, then the building is still 80 m tall.

v
V—yf =tan® = tan(—53°) = —1.33 - vy = —0.75vy .
xf

And, since the final x velocity is the same as the initial, KEq. 1 tells us that
Vyi = V= —0.75 vye = —0.75 (vy; + ayt) = —0.75 (0 + (—10)(4)) = 30 m/s.
Lastly, xris given by KEq. 3 as
Xp = Xj+ Vgt + 2a,t2 = 0+30(4) + 0=120m .
EXERCISE 3-3 Solution
The problem meets the conditions for using the Range Equation, so let’s go for it.
_ v2sin(20,)

|ag|

R|a 350 x 10
0, = -arcsin (#) = %arcsin (T) = %arcsin(1.16) = (ERROR)

Vo

N| -

How many times did you retry
taking the arcsine? You didn’t Ra
make a mistake. What angle has a V_ng'—
sine of 1.16? Graphically, you’re

trying to find the intersection of
these two curves, and it isn’t

happening. The  physical
interpretation of this is that it is
impossible to hit the target under

these conditions. g° 457 ag”

1_
sin(26,,)

EXERCISE 3-4 Solution
For this, o = ot and f = 90°. Then,
cos(wt + 90%) = coswt cos90° — sinwt sin90° = coswt (0) — sinwt (1) = — sinwt .
sin(wt + 90°) = sinwt cos90° + coswt sin90° = sinwt (0) + coswt (1) = coswt .

EXERCISE 3-5 Solution
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The acceleration of an object at the earth’s surface is 10 m/s?> towards the earth’s center. If the
moon’s gravity is the only agency acting on the satellite, then we might assume that this satellite’s
acceleration will be ag = 10/6 = 1.7 m/s*> downward, towards the center of its circular orbit. Don’t
forget to convert the moon’s radius into meters:

1000 m
1740 km X =174 x 10°m .
Then,
v J J1.7(1.74 x 106 17202
ac r \4 ac ( ) S
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Sample Exam |

MULTIPLE CHOICE (4 pts each)

1)

2)

3)

4)

Define up as being positive. Suppose an object is moving downward, but slowing down. Then,

A) the velocity is negative and the acceleration is positive.
B) the velocity is negative and the acceleration is negative.
C) the velocity is positive and the acceleration is positive.
D) the velocity is positive and the acceleration is negative.
E) the velocity is negative and the acceleration is zero.

Consider the figure, which reports the velocities of two cars in a
race on a straight highway as a function of time. Which of the yglocity
statements below is (or are) true? A
B

(1) There is a time other than t=0 when both cars have the same
displacement from the start line.

(2) There is a time other than t=0 when both cars have the same
velocity.

(3) There is a time when both cars have the same acceleration. Time

A) (1) only
B) (2) only
C) (3) only
D) (1) and (2) only
E) (2) and (3) only

Consider two vectors, A T and B —. Which of the following choices best represents the
general direction of B-A?

MABNOYD\ E) <

If a cannonball is fired at an angle of 53 degrees above the horizontal and leaves the muzzle
with a speed of 400 m/s, what is the magnitude of the acceleration of the ball three seconds
into its flight (neglect air resistance and assume that the ball is still in flight)? Pick the closest
answer.

A) 0 m/s?
B) 10 m/s>
C) 60 m/s?
D) 180 m/s?
E) 240 m/s>



5) We found in class that the range R of an object thrown with initial speed vi at an elevation 6,
over a flat plain is given by (if air drag is ignored)

vZsin(20,)

|ag|

Find the angle(s) at which one could launch an object with initial speed 400 m/s and have it
land 10,000 m downrange.

A) 34° and 56°

B) 19° and 71°

C) 26° and 64°

D) 45° only

E) There are no such angles.

PROBLEM I (20 pts)

Starting from the definitions of the average velocity and of the average acceleration,

X— Xj V— Vj
V= - and a= :
and the relation,
_ Vitvy
VAVE = 7,

derive the relation,
X = x; +vit+ Zat® .
Be sure to show all effort for full credit.
PROBLEM II (20 pts)
Using the component method, find the magnitude and direction angle of vector D.

A=06m, 0a=-75°

§=5m, O = 45°
C=8m, Oc =-135°
D=A+B-C
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PROBLEM III (20 pts)

The size of the earth has been known since
antiquity.  Eratosthenes assumed that
since the sun is very far from the earth,
light rays from the sun are essentially
parallel (one can show the sun is distant
by observing solar and lunar eclipses.).
He noticed that when the sun was directly
overhead at Syene (in southern Egypt), it
was 7° away from overhead in
Alexandria, 770 km to the north. From
the information given, calculate the radius
of the earth. An approximate solution
earns most of the points.

PROBLEM IIII (20 pts)

A ball is thrown downward with speed 9 m/s from the top of a 40m tall building.

Light from Sun

/‘/S;EII_E

A) How long will it take for the ball to hit the ground? (10 pts)

770

B) How will be the ball’s velocity just before hitting the ground? (10 pts)
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SECTION 4 - RELATIVE MOTION

Relative Velocities

On occasion, it is useful to consider the motion of an object with respect to an origin/codrdinate
system which is itself in motion relative to some third reference frame. A simple example is that
of the ‘people mover’ at the airport, a giant conveyor belt that carries weary passengers along the
length of the concourse, while also providing those in a rush a little extra speed as they run down
the walkway. For example, consider such a walkway (W) which moves with a velocity of +2 m/s
with respect to the ground (G). We’ll represent this with this notation: vw.c = +2 m/s; the first
letter indicated which object we’re examining, and the second what it is moving ‘with respect to.’
Now, think of a person (P) walking in the same direction at +1 m/s along the walkway: ve,w = +1
m/s. I don’t think anyone would argue that the person’s velocity relative to the ground is +3 m/s,
which would imply that

Vpg = Vpw + Vwg -

Let’s test this for some other scenarios. Suppose the person were to walk the wrong way on the
walkway at -1 m/s. Then

VP,G = VP,W + VW,G = —-142=+1 m/S .
The person would still be going in the same direction as before, although more slowly. Still happy?

One of the hardest aspects of relative velocity is to determine which two quantities get added to
obtain the third. Let’s look more closely at the notation. Two of the velocity terms have the P in
the first position and two have the G in the second position. But, one has the W in the first position
and the other has the W in the second position. It’s the ones with the letters in different positions
that are added to obtain the third. If you do it correctly, the outer subscript letters on the right side
will match the subscript letters on the left side.

Here’s another useful fact: Vap= - VBa. As an example, suppose that ’'m driving I-83 to York,
Penna at 120 kilometers per hour (kph) and pass someone parked on the shoulder. That person
sees me going northward at 120 kph and himself as stationary, but I see myself as stationary and
see him moving southward at 120 kph.

EXAMPLE 4-1

An airplane with an airspeed of 400 kph files eastward with an 85 kph tailwind. What is the
ground speed of the plane?

Well, here we’ve introduced a couple of terms that may need explaining. Airspeed is the speed
of the plane as measured relative to the air, and of course the ground speed is measured relative
to the ground. The wind is measured relative to the ground, and a tailwind moves in the same
direction as the plane.
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We have three objects to consider: the plane; the ground; and the air. Let eastward be the
positive direction. Then,

VPG =7 «—
vp,a = 1+400 kph
vaG =185 kph

We note that it is the A that changes position, so we write that
VpG = Vpa T Vag -
The solution is straightforward:
Vpg = Vpa+ Vag =400+ 85 = 485 kph.
EXERCISE 4-1

Back on the ‘people mover,” Person A walks the correct way at a speed of 1 m/s, while Person
B walks at 2 m/s the correct way on the return walkway. What is the relative speed between
the brothers? Assume each walkway moves at 2 m/s relative to the ground.

EXAMPLE 4-2

Consider a river flowing in a straight
course at 8 kph. Joe has a dock (labeled —_— S

JD) and want to make a run to the store

(S) 20 km downstream for ‘supplies.” If n n
the boat can travel 12 kph in still water, JD S
how long will it take Joe to make a round 20 km

trip? We’ll assume his order is already

waiting for him, so he can immediately turn around.

There are again three objects to worry about: the boat; the water; and the ground. But also
there are two parts to the problem: there (I) and back again (II). The velocities are vB,G, VB.w,
and vw,c. Since we want the time for each of these trips, we need to work in the displacement.
So,

AJ?B,G AxB,G

VBG = =Vgwt Vwg — t=

vgw t+ Vwg

Let’s make downstream the +x direction and use the notation of Sections Two and Three, i.e.,
let the sign of the value indicate the direction.

On the way downstream:

-78 -



ve,w=+12 kph

vw,G =18 kph
AxB,G =120 km
ty = A = +20 = 1 hour .
VB,W + VW,G +12 + 8
On the way upstream:
vB,w = -12 kph
vw,G = +8 kph
AxG=-20 km
ty = A = 20 = 5 hours .
VB,W + VW,G —-12+ 8

This is then a total of 6 hours.

HOMEWORK 4- 1

An escalator is 20 m long. If a person simply stands on the 'up' side, it takes 30 seconds to ride
to the top. If a person walks up the escalator at a speed of 0.6 m/s relative to the escalator, how
long will it take him to get to the top? If the same person walks down the 'up' side at the same
relative speed as before, how long will it take him to arrive at the bottom?

HOMEWORK 4-2

An airplane is to fly from City A due west to City B to pick up cargo, then return to City A. It
will take exactly one hour to load the plane at B, and this entire trip should be done in the
shortest time possible. The plane has a maximum airspeed of 300 kph, and encounters an 80
kph westerly wind! for the entire trip. If the distance between A and B is 1800 km, how long
does the entire trip require?

Well, that was one dimensional motion. Let’s move on to two dimensional problems. We saw
back in Section One that if

—_

C=A+B,
then
Cx= Ax+ By and C,= A, + B,

and we can treat a two dimensional problem as two one dimensional problems.

! A westerly wind blows from the west, towards the east.
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EXAMPLE 4-3

10

i)
+E
H
U
0 tn
[
We have three objects to 1

consider: the boat; the
ground; and the water. The
velocity equation is then

VBG = VBw T Vwg -

In this case, the quickest
solution may be to realize
that, if the velocities are all
constant, a displacement
component diagram can be
constructed where each
term is parallel to the

Consider a boatman who wishes to
cross a river (100 metres wide) from
one dock north to another exactly
opposite. His boat will make 10 m/s in
calm water. The velocity of the water
is 8 m/s eastward. He aims his boat
exactly northward and sets off. How
far downstream (x) will he actually
land, in what compass direction did he
actually travel, and how long will it take
him to get there?

e
Ve g
e
VB W .
VBG

&IE,W

TG

corresponding velocity term. The two triangles so formed are then similar, and so there is a

proportionality of the lengths of the sides:

X

8m/s

100m _ 10 m/s

100 (8
X = ()=80m

10

The direction traveled can be found using the tangent of the angle 6:

8
tanf= —=08 -

10

6 =38.7° .

For the time, we consider that the motion northward (in this case) is independent of the motion
eastward; it would take 10 seconds to cover 100 meters at 10 m/s. Or, it would take 10 seconds

to cover 80 meters at 8 m/s.

EXERCISE 4-2
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Now, suppose that, having learned his lesson, he tries again to cross directly to the other
side. In what direction should he aim his boat (relative to north) to arrive exactly at the other
dock, and how long will it take him?

HOMEWORK 4-3

A plane needs to leave City A on time and arrive at City B on time exactly seven hours later.
City B is 1500 km due east of City A. There is a southerly wind blowing at 120 kph. With
what airspeed and in what direction should the pilot head the plane?

HOMEWORK 4-4

A plane needs to leave City A on time and arrive at City B on time exactly eight hours later.
City B is 2500 km due east of City A. There is a wind blowing at 120 kph toward 37 degrees
west of north. With what airspeed and in what direction should the pilot head the plane?

Relative Accelerations®

We’ve just discussed relative velocities, and of course we introduced vector addition as ‘relative
displacements,’ so is there such a thing as relative acceleration? Well, you betcha.

EXAMPLE 4-4

A heavy two-meter stick (S) with a vertical orientation is dropped from rest over a tall cliff.
At that same instant, an ant (A) starts to accelerate up the stick from the bottom end. From the
markings on the meterstick and on his wristwatch, he sees that he covers 0.8 meters in 1.1
seconds. At that time, how far has the ant fallen with respect to the cliff face (C)?

Let upward be positive x. The ant’s acceleration relative to the stick (aa,s) is found from KEq
3:

xasi=0m
xast =0.8 m
vasi=0m/s

vast =7
ars="? «
t=1.1 sec

X = X; +vit+ %at2

X— Xj— Vit 20.8— 0—0(1.1):

z = RE 1.32 m/s?
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The acceleration of the meter stick? is -10 m/s?. Then, the acceleration of the ant with regard
to the cliff face is

apc = aas T+ asc -

anc = 132+ (—10) = —8.68 m/s? .

Then,
xaci=0m

XACE =7 «—
vaci=0m/s
VASE =7
aas=-8.68 m/s?
t=1.1sec

X = xj +vit+ %at2
X4c = 0+0(1.1) + 5 (-8.68)(1.12) = —5.25m .

DISCUSSION 4-1

Suppose that a passenger is sitting in a train waiting at the station. You are standing on the
platform spying on him. Suddenly, a frog jumps straight upward from the floor of the train
car. What shape path will the frog seem to follow as seen by you? As seen by the passenger?

Suppose that a passenger is sitting in a train that is traveling through the station at constant
velocity. You watch as the train passes. Suddenly, a frog jumps as before. What shape path
will the frog seem to follow as seen by you? As seen by the passenger?

Suppose that a passenger is sitting in a train that is traveling through the station with a constant
acceleration ar, specifically the train is speeding up. You watch as the train passes. Suddenly,
a frog jumps as before. What shape path will the frog seem to follow as seen by you? As seen
by the passenger?

EXERCISE 4-3*

Show that the path of the frog as seen by the accelerating passenger is parabolic and is
consistent with the notion of relative accelerations. The most general form of the equation of
a parabola is

2 Well, it’s actually just a little bit higher; we’ll deal with that in a later section.
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A%y? + B%x? — 2(fy (A% + B?) + AC)x — 2(f, (A% + B?) + BC)y — 2(AB)xy
+ (@2 +B)(E +£2)+C?) =0,

where (fx, fy) are the codrdinates of the focus and the line given by

—A —C
Ax+By+C=0 - y= (T)X-'_ (?>

is the directrix. For our purposes, we need remember only that the directrix is perpendicular
to the axis of symmetry of the parabola.

EXERCISE 4-1 Solution

Here we have five objects to keep track of: Person A, Person A’s walkway (AW), Person B, Person
B’s walkway (BW), and of course the ground. Let’s let A’s direction be positive x. We then know

vaaw=+1 m/s
VAW.G= 12 m/s
VBBW= -2 m/s
VBW,G= -2 m/s
Let’s do each person relative to the ground, as we did in the example.
Vac = Vaaw T Vawe = +1+(+2) = +3m/s.

VB = Veew + Vewg = (—2) +(-2) = —4m/s.

We want to know va,s. Be careful.
Vag = Vagt VB = Vag— Veg = (+3) —(—4) = +7m/s.

We actually could have done this in one go:

VaB = Vaaw + Vawe T Veaw + VBws = Vaaw + Vawc — VBwG — VBBW
= +14+2—-(-2)—(—2)=7m/s.
EXERCISE 4-1 Solution

The common error here is simply to flip the triangle over. But what should be done is to deform
the triangle by sliding vw.G over until the sum, vs,g, is pointing due north:

Before, the two short sides of the right triangle were vs,.w and vw.G, but now those vectors are the
hypotenuse and a short side, respectively. So,
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0 '=arcsin(8/10) and |vs,c | =10 cosO'.

Finish the calculations yourself.

EXERCISE 4-3 Solution

At the moment of launch, the frog is moving forward (say, the +x
direction) at speed vr because of the motion of the train, and
upward at speed vu. Once the frog leaves the floor, the only agency
acting on it is gravity, and we’ve already worked out the trajectory
for your point of view in Section Three:

. X 1 X \* vy ag
= 0+ v,sin0,———+ -a (—) = z

y T %y,c0s8, 2 &\v,cosH, v 2v2

However, since the passenger is accelerating with respect to the frog, he sees (or thinks he sees)

the frog accelerating backwards, since apm = -amp. To find the trajectory as seen by the

passenger, we need to start from scratch.

xi = 0 (why not?) yi =0 (same here)
xr="? yr="7? &

vxi = 0 (as seen by the man) vyi =vu

Vxf = ? Vyf = ?

ax = -ar ay = ag

t="7?

Once again, we’ll start with the x-side and find the time:

X = Xj+ Vgt + %axt2

1 ) 2X
x= 0+ 0+ =(—apt - t= |— .
2 —ar

This result is O.K. because x will become negative as the frog ‘falls behind’ the passenger. Now
to the y-side and to substitute in for the time:

1
Y= yit+ vyit+ Zayt?

2X ag
y=0+vy |—+ —x.
—ar  —ar
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a

y+—gX=VU

ar

Here is a sample curve for some
representative values of ar = 4 m/s? , vir=3
m/s, and vu = 5 m/s for the trajectory of the
frog as seen from the passenger’s point of
view and from your point of view standing
on the platform.

Square both sides to get

2
2v{

—x=0.

a ay\ 2
y2+2 L xy+ (—g) X% +
ar ar ar

Train Floor (m)

2X

‘" Altitude (m)

-1 ) 0 1 2
Position along Position along
Platform (m)

First, is this a parabola? This does match the general form of the equation for a parabola as given.?
The difference is that its axis of symmetry is not vertical but tilted. Continuing,

A%y? + B%x? — 2(fy (A% + B?) + AC)x — 2(f, (A% + B?) + BC)y — 2(AB)xy
+ (@2 +B2)(E +62) +C?) =0

By comparing the coéfficients of each power of x and y here with those in our trajectory solution,
we can determine the values of A, B, C, fx, and fy. Luckily, we need only A and B today:

symmetry axis

The directrix is then a line with a

slope of
_A _
_- B

dg

ar
- )
dg

and that indicates a parabola with
its symmetry line tilted from the y-
direction by an angle 0 with tangent
(-ar/ag).

How might we interpret this? The
passenger would observe the
direction of acceleration of the

3 Strictly speaking, we showed that the square of the trajectory function is a parabola; since that equation puts the
same restrictions on the values of x and y as the original (there are no sign changes), that too is parabolic.
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flying frog to be at an angle 0 from the horizontal, but he also sees that the free-fall acceleration

magnitude would be given by
— ’ 2 2
deff = _[aT tag .

For the specific example above, the gravitational acceleration would seem to be directed at an
angle of 22° ‘behind’ the vertical and be 10.8 m/s2.
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SECTION 5 — THE FIRST PICTURE

Students often get irritated with me when I point out that, up to this moment, we’ve really not done
any physics at all. We did discuss the acceleration of objects due to gravity near the earth’s surface,
but the rest was really just definitions. Kinematics is the descriptive study of the motions of
objects, but we’d like to know why objects move the way they do. To understand this, at least to
the degree allowed in our one semester course, we’ll be looking at three ‘pictures,” or ways of
looking at problems. To many people, these three pictures seem separate and unconnected, but in
fact, they are all really the same, just twisted around a bit. Each is particularly well suited to
addressing certain types of problems; the other two can of course be used as well, but not as
efficiently.

In the introduction, I mentioned that the course is structured much like a traditional two-column
proof Geometry course. In this section, we will introduce the two axioms on which the pictures
are built. In Physics, we call these axioms /aws. What exactly is a law? Like the axions of
Geometry, laws are ideas that we observe never to be false and which we then assume are true.
The purpose of experimentation is to try to show that these laws are false; the more unsuccessful
we are at that, the more confidence we have that they are true. Of course, sometimes, we fool
ourselves into thinking that something is true, then find out that it was actually a special case, or
that our experiments just weren’t accurate enough.! The notions many students have when they
start a course in classical mechanics are often referred to as Aristotelian; part of the purpose of
these classes is to disabuse students of these Aristotelian notions.

Dynamics

Dynamics is the study of why objects move the way they do, particularly with regard to forces.
The root of the word is Greek for force.?

DISCUSSION 5-1

How would you define a force? What definition were you given in grade school? Is that good
enough? Is force a scalar or a vector? Is there a difference between pushing something to the
left and pushing it to the right?

DISCUSSION 5-2

Let’s start by making some observations. We’ll place a book on the table. Watch the book
carefully. What is the book doing? We often use the expression ‘at rest’ to describe this
situation. What will it be doing an hour from now? What about next semester? What about
when I finally retire? If we want to book to be not at rest, what must happen?

! An excellent example of this is that some of the ancients believed that the earth revolves around the sun. They
reasoned that, if this were true, a certain effect would be observed. The effect was in fact not observed (it was too
small to be detected with the techniques available at the time) until two millennia later.

2 Indeed, a dyne is a unit of force, one we won’t be using.
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Suppose I next toss the book onto the table. What phrase might we use to describe the book?
Once the book hits the table, what happens, and why? What stopped the book?

What is necessary to change the motion of an object? If we say that the motion is constant,
which quantity from Section 2 are we really referring to? Which quantity from Section 2
measures the change in the motion?

CHEESY EXPERIMENT 5-1

Let’s do a quick experiment to see how this works. We’ve decided that a force is necessary to
change an object’s motion or velocity, that is, it causes acceleration. I have a cart on wheels
(to minimize the effect of friction, whatever that is) and a force-o-meter marked off in some
weird units. [ have some confidence that the force-o-meter works, in that as I pull harder, the
numbers increase on the dial. As I pull on the cart, you can hear from the sound of the wheels
that it’s accelerating. If I pull with twice as much force, the acceleration is higher. Briefly, as

F1, af.
DISCUSSION 5-3

We should try to be a bit more explicit in the relationship between acceleration and force. If
no force means no acceleration, and more force means more acceleration, what is the simplest
relationship between them that you can think of? What about the directions of the force and
acceleration?

If we assume that, perhaps, the universe behaves as simply as possible, we might conjecture that

the acceleration is proportional to the force. Then, we make a hypothesis that a ~ F. We may be
wrong, of course. It may turn out that the acceleration is proportional to F? or F°. Maybe the force
and acceleration are actually not in the same direction.> At some point, we’ll do this experiment
much more carefully and find out.

What else can we change? We don’t want to base our notions on just one experiment; the results
may have been coincidental. Best to vary as many parameters as possible.

CHEESY EXPERIEMENT 5-2

Let’s repeat by keeping the force constant and doubling the mass of the cart. What do you
notice? Is the acceleration larger or smaller when the mass is increased?

DISCUSSION 5-4
What relationship would you say exists between the acceleration and the mass of an object?

We might write that as m?, a|. Note something interesting. In chemistry, you’re told that the
mass is a measure of how much material there is in an object. Here, we see that the mass of an

3 Just wait for Physics 11!
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object is a measure of how hard it is to accelerate that object. The simplest relationship between
the two would be that the acceleration and the mass are inversely proportional: a~ 1/m. Of course,
we may be wrong, but we at least have a hypothesis.

We’ve performed some simple experiments and conjectured that the acceleration is proportional
to the applied force if the mass is held constant, and inversely proportional to the mass of the force
is constant. Let’s synthesize these ideas into one:

)
¢
S|l

If we choose the correct units, we can make the proportionality an equality. Let the force necessary
to accelerate one kilogram at one meter/second® be called one newton.

DISCUSSION 5-5

What if there is more than one force acting on an object?
Consider poor Joe, who has to push a crate across the warehouse
floor by applying a force F to the right. The next day, Joe gets
his twin brother Jeb to help. How much force is applied to the
crate by the boys? What would you expect the acceleration of
the crate to be today, compared to that Q O
of yesterday? On the next day, Jeb
isn’t available, so Joe asks his other twin brother Jake to help out.
Jake, however, seems to never quite
Q 0O ‘get it.” How much force is applied to
the crate in this situation? What would
you expect the crate’s acceleration to be on this day? So, what
must we do when there is more than one force? [Oe)

Putting all of these ideas together gives us the second law of motion:

_ Y.F,
=

v

Note that when we sum the forces,* we include only the forces that are actually acting on the object
of interest. Other forces influence the motions of other objects. I’'ll show you a way of keeping
track of which forces act of which objects.

Lastly, although the form of the second law given above is conceptually the better, we are going
to re-arrange it so that it is more convenient to use for problem solving:

4 You may not be familiar with this notation. ), ?n means simply to add up all the forces with n as a counting
number: F; + F, + F; +... . Remember to add the forces as vectors.
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ZFH: ma .
n

The reason I like this is that all the effort of solving a problem is done on the left side, and the right
side is always mass times acceleration. Let me emphasize that ma is not a force. Forces are the
cause, and acceleration is the result.

You may ask, ‘what’s the first law of motion?” Well, it’s a special case of the second. If there are
no forces acting on an object, its acceleration is zero and the velocity will be constant. If the object
is at rest, it will remain at rest, and if it’s moving, it will continue that rectilinear motion.

EXPERIMENT 5-3

We placed a mass, which we call a glider, on a horizontal air track. The track acts much like
an air hockey table. There are small holes through which air is forced to lift the glider off the
track surface to minimize friction (whatever that is). A force was applied to the mass and the
resulting accelerations were measured. Here are the results, plotted in two ways. In the first

Acceleration v. Force, Constant Mass

14
1.2
1
0.8

©
)}

Acceleration (m/s2
o
~

y =4.2292x-0.0075

graph, each line represents runs
with a constant mass; the fact that
the lines pass through the origin
(well, the intercepts are very small
compared to the values plotted)
indicates that the respective
accelerations and applied forces
are proportional. What’s more,

o
- ) y = 2.8899x - 0.0006 matching the equation for a line to
02 | .. our hypothesized relationship
0 leads us to predict that the slope
0 01 0-2 03 %4 should be the inverse of the mass:
Applied Force (N)
y = (slope)x + intercept
1
a= (—) F+0.
m
Actual Mass Mass from graph Per cent difference
0.2295 kg 0.2365 kg +3.1%
0.3293 kg 0.3460 kg +5.1 %

To gain a bit more confidence, let’s plot these data differently, acceleration v. inverse mass. In
this case, we’re trying to fit the data to this relationship:

1
a= (F)—+0.
m
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Once again, we should see lines passing through the origin with the slopes equal to the
respective applied forces.

We can see that the intercepts
are quite small, compared to
the smallest acceleration

Acceleration v. 1/Mass, Constant Force

1.4

L1, y=0.318x-0.0658 values, so the proportionality
E y=0.2067x+0.0022 condition seems to be met.
5 08 Let’s look at the forces.

© 06 y =0.1121x + 0.0017
Loga | e )

L o

S o y =0.0182x - 0.0036

<

0
0 1 2 3 4 5
1/Mass (kg™

Actual force applied Force from graph Per cent difference

0.3137N 0.3180 N +1.4 %

0.2156 N 0.2067 N -4.1 %

0.1176 N 0.1121 N -4.7%

0.0196 N 0.0182 N -7.1%

Without doing an uncertainty analysis, we can’t really determine if our hypothesis is justified,
but I think that, perhaps, we may have some confidence that it is correct, subject to future,
more careful validation.

HOMEWORK 5-1

A net force of 45 N is applied to a mass of 16 kg. What will be the mass’s acceleration? How
much force should be applied to a 27 kg mass to give it the same acceleration?

The third law of motion seems to be the one students have the most trouble with, although it really
is the easiest to understand: If object A exerts a force on object B, then B exerts a force on A that
is of the same type, equal in magnitude, and opposite in direction. Mathematically, we write that

Fga = —Fagp -

Think about this scenario: A speeding car A rear-ends a parked car B at a red light; the parked car
B is accelerated forward because of the force exerted by A, while A slows down due to the force
exerted backwards on it by B. Two forces that fulfill this description are referred to as a third law
pair. To be a third law pair, the forces must fit the description given above, e.g., A pushes B and
B pushes on A.

CHEESEY EXPERIMENT 5-4
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Let’s do a quick check of this concept with two force-o-meters.

L]

Third Law.MQOV

We see that the forces each exerts on the other are equal in magnitude. Later in Section 7,
we’ll show some experimental results that will help grow confidence in the third law.

DISCUSSION 5-6

Our book is still sitting on the table. There is a gravitational force exerted on the book by the
earth (this is called the book’s weight) and a force of contact acting upward on the book from
the table. If the acceleration of the book is zero (it's not moving), then what can we say about
the two forces just mentioned? Do these two forces form a third law pair? If not, what are the
other halves of each pair? Did you give them the A on B, B on A test?

If there’s doubt on what constitutes a third law pair, just change the subjective and objective parts
of the sentence around. It’s not too hard to believe that if the table pushes up on the book, then
the book pushes down on the table. Harder perhaps to believe that if the earth pulls down on the
book, the book pulls up equally on the earth. Indeed, if I were to drop a book, the earth would
accelerate upward to meet the book!

DISCUSSION 5-7

Why don’t we notice the earth moving upward toward the book?
Forces that form third law pairs are often called action-reaction forces. 1 don’t like this
terminology, because it gives the impression that one force occurs first, then the other. Third law
pair forces occur simultaneously.
HOMEWORK 5-2

A positively charged proton (mass = 1 dalton)’ repels a positively charged alpha particle (mass

= 4 daltons) with a force of 0.5 pico-newtons. What force does the alpha particle exert on the
proton?

TYPES OF FORCES

In this course, you will encounter several types of forces. We’ll start with three of them, then
add in the others when we’re ready.

Weight

> More or less. A dalton is 1/12 the mass of a carbon 12 atom. A pico-newton is one quadrillionth of a newton.
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We mentioned above that there is a force on objects that are near the surface of the earth that is
associated with gravity, which we shall call the weight, W. When an object is in free fall, the only
force acting on it is W, which we know from lab causes the object to experience an acceleration

of ag downward. Using the second law, we can write that
W=ma, .
Since all objects will fall with this same acceleration, the force necessary to give an object a certain

acceleration is proportional to the mass of the object by some factor which we'll call g, the
gravitational field strength:

_

W= gm .

Note that g must be a vector quantity (pointing downward). What is the value of g? The fact that

_
—_

W=gm=ma, - g=a;.

However, g and ag are two different quantities; they have the same value, the same dimension, and
the same direction, but different units. Since g is the gravitational force per unit mass the earth
exerts on an object near its surface, g is 9.8 newtons/kg, downward.®

DISCUSSION 5-8

Drop a ball. As it falls, is there an acceleration? Is it specifically ag? Is there a gravitational
field? Now, make the ball smaller and drop it. Is there any acceleration? Is there a
gravitational field? How strong is it? Keep making the ball smaller and smaller until there is
no ball left at all. Is there an acceleration? Is there a gravitational field? How strong is it?

Next, place the ball on a table. Is there an acceleration? Is there a gravitational field? How
strong is it?

Now, as we did for ag, we will round off the value of g to 10 N/kg for the purposes of homework
and exams. In lab, we will be more careful.

(Normal) Force of Contact

Another type of force is the contact force, which is due to the fact that two objects are actually
touching one another. We will be considering two different contact forces in this course, but we’ll
start with the one that is perpendicular (normal) to the surface of contact. The nature of this type
of force can be thought of as being due to the electronic bonds between atoms or molecules in each

® This may seem like a big deal over nothing, but there is an analogous situation in Physics 2 that generally gives
students a hard time. Better to start thinking this way now.
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of the materials. You may have learned in chemistry that the forces between these particles looks

a bit like this as a function of the separation:
Force | The forces of repulsion and
H attraction cancel at the
| equilibrium separation (F =
'\l Ecqullibrium 0). Around this point, it can be
\ " Separation shown that the system acts
H much like balls connected by
ﬁ‘ springs. So, as the two
Rg];.u]m-.l:kl Separation macroscopic objects come into
~ contact, the 'springs' are

Aftractive e
o e compressed and produce forces

g O

which act to push the objects
back apart. Or the objects could be glued together and then pulled apart, so that the 'springs’ stretch
and try to pull the objects back together. In either case, the forces are due to contact between the
objects and are directed perpendicularly to the interface between the objects.

As an example, suppose you arrive home and set your bookbag on your couch. At first, the bag
will move downward into contact with the couch. As the bag pushes into the cushion, it
compresses the springs there, which, as we’ll see later, start to push back upward. In the end, the
bag comes to rest with the springs under it compressed. If we think of the atoms in an object as
balls connected by springs (instead of electric bonds) we can imaging the same thing happening in
microcosm.

Tension

Often, we speak of the fension in a string or rope. We'll define the tension to be the force the string
exerts on the object it's attached to. In this course, we usually assume that the strings are massless
and inextensible (they don't stretch).

Let's make an argument that the tension at each end of such a string is the same as at the other end
(except of course opposite in direction). Consider a rope used in a tug of war game. The team on
the right pulls to the right with force Fr, and by the third law of motion, the string exerts the same
magnitude force (the tension Tr at that end, by our definition) on the team. Likewise, the team on
the left exerts a force FL on the rope, and the other half of that third law pair is the tension TL on
the left end of the rope. If the rope is massless, any difference in applied net force would cause an
infinite acceleration. Hence, Fr = FL and Tr = TL.

Strings and ropes are often looped over wheels. This does nothing more than change the direction
of the tensions at the ends, so long as the wheel is itself frictionless and massless. Situations where
the wheel is not frictionless or massless will be treated later in the course.

Applications of The Laws of Motion
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First, several comments on notation. In kinematics, we used the sign of a vector’s value to indicate
the direction of the vector. If an object moved in the +x directions at 3 m/s, we said that vx = +3.
If it moved in the -x direction, we said vx =-3. We’re going to stick with that notation for kinematic
quantities here, but we will do something different with forces. We will always write the
magnitude of the force, but insert the correct sign in front of the force to indicate the direction. In
particular, we will always use positive 10 N/kg as the value for g regardless of whether up or down
is positive. Second, although we were very careful in past sections to measure the angle for finding
components CCW from the x axis, we shall abandon that approach at this point. Now, we will just
make use of the most convenient angle and take care of the signs as described above.

DISCUSSION 5-9

Consider a man standing on a spring scale. What does the scale actually measure? Suppose
the man holds the scale up against the wall and pushes on it horizontally. Does the scale
measure the man’s weight?

This is one of the first things we need to be able to do, decide what forces act on an object. The
man's weight does not act on the scale, the man's weight is the force of (gravitational) attraction
between the earth and the man, and that force acts on the man. The man and the scale are in contact
with one another, and it is the normal force of contact that the scale measures. For example, if [
were to place the scale on the wall and lean against it, the scale would not be measuring my weight.
To keep track of the forces acting on an object, we can use a free body diagram, which is just an
accounting tool to isolate each object for analysis. Draw each of the forces with its tail at the center
of the body under consideration (here, the man). Here we see the weight (force of gravity of the
earth acting on the man) and the normal force (force of contact of the scale acting on the
man). What about the force of the man acting on the scale? Well, that’s a force on the scale, not
on the man; that force would go on the free body diagram of the scale..

EXAMPLE 5-1

If the man is not moving, his acceleration is zero, and so we can write,
using the second law and making upward positive, that

z F, = ma '

B MAN
+Fy —gm = l

Fy = gm . i

Since, by the third law, the normal force on the man from the scale is
the same magnitude as that of the normal force of the scale on the man, the reading on the scale is
numerically equal to the weight of the man, but it is not the weight of the man.

Now, let's put the man and the scale in an elevator that is accelerating upward. The diagram is
similar to the one above. Writing the second law results in:
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Zﬁn = ma

n
+Fy —gm = ma
+Fy = ma+ gm

So, we see that if the elevator is accelerating upward, the scale reading will be higher than the
man's weight, while it will be lower if the elevator's acceleration is downward.

DISCUSSION 5-10

While you may not be gnurdy enough to ride in an elevator with a scale, you probably have
noticed this effect. There are sensors in your body that can tell you when one layer of you is
compressed against another layer of you. How do you ‘feel” when your elevator starts to move
upward? Do you feel as if you are heavier? If you were standing on a scale, what would it
read? What about when your elevator starts to descend?

HOMEWORK 5-3

An 90 kg man stands in an elevator. What force does the floor of the elevator exert on the
man if

a) the elevator is stationary?

b) the elevator accelerates upward at 1.2 m/s*?

c) the elevator rises with constant velocity 3 m/s?

d) while rising, the elevator decelerates at 0.5 m/s*?

e) the elevator descends with constant velocity of 2.5 m/s?

HOMEWORK 5-4
A softball (mass = 0.19 kg) is thrown directly upward so that it leaves the pitcher’s hand at 4.5
m/s. The pitcher’s hand moved through 1.5 meters as he threw the ball. What force did the
pitcher exert on the ball?

EXAMPLE 5-2
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Here is a problem we shall use as the model for
presenting solutions. We will be revisiting it

from time to time. ‘\

Consider a block of mass M on a frictionless \
plane inclined at an angle 6 from the horizonal. If

the block is released from rest from a point a

distance L up the incline, how quickly will it be t

moving when it reaches the bottom? Let theta be
37°, M be 5 kg, and L be 2 meters.

Next, we can analyze the forces acting on the mass. We can do an inventory, much as we did
for kinematics. Is there a weight? Sure, and remember that there is only one weight per object.
Is the mass touching something? It’s touching only the incline, so there is one normal force of
contact. Are there any strings or rope or the like? No. The free body diagram for the mass is
then:

Notice that the normal force of contact is perpendicular to the surface. A
common misconception is that the normal force points upward, and is
probably due to the fact that students start by trying problems like the
elevator situation above.

Next, we'll pick a coordinate system. There is a need for some experience

here, but here is a hint: we certainly expect the block to accelerate along

the plane, and not to either jump off the plane or burrow into it. You may

remember Rule One from Section 3: choose a system such that the

¢g:m acceleration is along one of the axes. It will be much easier to solve this

problem if we orient the axes parallel and perpendicular to the plane. It's

not impossible to solve the problem otherwise, but it's a lot tougher mathematically. If the

problem is such that the acceleration is zero, then this aspect is not so important and other
considerations can be examined.

Now, we can write the second law as
FN + gm = 5 ,

which is not very useful, since we then have one equation with two
unknowns. However, we decided back in Section 1 that if two
vectors are equal, then their components must be independently
equal. So we’ll break this equation into two separate equations, one
for x and one fory.
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First, the components. It would probably be a good idea to review. We’ve decided to make
the coordinate system as shown in the figure, based on the object’s presumed acceleration
direction. Fx is already completely in the +y direction, but gm is mixed. We must replace gm
with two other vectors that, when added together, equal the original vector, with one parallel
to the x-axis and the other parallel to the y-axis. Note that we are not using the angle as
measured from the +x axis to find the components, but instead are
simply making use of the trig identities with the angle we are given
X in the triangle. We will assign the proper sign to the directions of
%y these forces when we write the second law equations. Since the x-
component of the weight points in the positive x-direction, we’ll
' place a plus sign in front of it. Similarly, the normal force is in the
L’{\ _%l/ +y-directions, but the y-component of the weight in the negative y-
direction.

‘0
gm cos6 / o

gm sing

X: +gmsin(0) = may

y: + Fy—gmcos(8) =ma, =0

In this case, the y equation is not useful, but the x equation tells us that
ay, = gsin(0) .

Keep in mind that in our method, g is always positive; we took care of the direction by placing
the correct sign in front of the terms in the second law equations.

DISCUSSION 5-11
When we finish with a major section of a solution, we should ask if the result makes some
sense. If theta were zero, what would the acceleration be? If theta were ninety degrees, what
would the acceleration be? Do those values make sense?

EXAMPLE 5-2 Continued
So, for the values given in the problem, the acceleration will be

ay = gsin(0) = 10sin(37°) = 10(0.6) = 6 m/s?.

Now that we have the acceleration (and it’s constant!), we will choose a kinematic equation to
find the final speed. Let’s place the origin at the starting location.

xi = 0 (starts from the origin)

Xf=2m

vxi = 0 (starts from rest)
Vxf =7 «—

ax =16 m/s2

t=7?
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KEq 4 seems like a good choice.

Vi = v+ 2a,(x¢— x;)

Vi = \/vgi + 2a,(x¢— %) = /02 +2(6)(2—0) = +4.9m/s.

We take the positive root because the box is sliding in the +x direction.

In the previous example, we alluded to 'other considerations' in choosing a codrdinate system. As
stated, it's generally best to align the axes so that the acceleration is along one of them. If the
acceleration is zero, this is not so important, and a judicious choice of axes might reduce the
amount of math we need to do. This is Rule Number Two. Consider this problem:

EXAMPLE 5-3
Apply a force F horizontally to the block of the previous problem
so that the block remains stationary. Find F and the normal force,
FN Fx.
= Let's start with a free body diagram. It bears repeating that the

normal force is perpendicular to the surface between the box and

the incline. Also, since the object is motionless, there is no
gm acceleration and Rule Number One is moot.

Now, if you were to set up the tilted, blue codrdinate system as in
the previous example, you might notice that you would have to decompose two vectors.
However, if you chose the green system, only one vector
would require decomposition. That may make the algebra
easier in that there would be fewer terms to manipulate (four .
vs five). Let’s go with the green system and find the Fa
components of FN. A small amount of geometry shows that .
if the ramp is inclined at angle theta, then the normal force F ><

Y

is inclined theta from the vertical.
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Now we write the second law for x and y:

N X: + Fysin(0) —F=may, =0
FNcose

y: + Fycos(0) —gm =ma, =0 .

F At this point, it is worth making a general comment. Note
that the acceleration terms are zero. This is because this
particular object is stationary. This is not always the case.

m . .
g A common error is to write a = 0 for every problem.

Here’s a neat mathematical trick. We’re going to divide
these two equations. First, some re-arrangement.

Fysin(0) = F
Fy cos(6) = gm
Then, we divide the left sides and set that equal to the quotient of the right side:

Fy sin(0) _F

Fycos(0) gm
F
tan(0) = —
gm

F = gmtan(®) = 10(5) tan(37°) = 37.5N .
Returning to either of the original equations results in

oo gm  10(5)
N cos(®) ~ cos(37°)

Fycos(®) =gm - =62.2N

MATHEMATICAL JUSTIFICATION

Suppose that A =B and C =D # 0. It should be O.K. to say that

A B

c C’
but since C=D,

A B

C D’
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Our next step is to investigate solving problems with more than one body. Remember that only
the forces that actually act on an object can affect its motion. Other forces affect the motions of
other objects.

EXAMPLE 5-4

Two of my uncles once started one of their cars by pushing it
with the other car (It works fairly well with manual
transmission cars. Don’t try it with automatics.). Suppose
Bud’s truck has a mass of mr = 2500 kg and Russell’s car has
a mass of mc = 1800 kg. Bud’s truck has a force from the L & — A A
road of 8000 N pushing it forward.” If the truck is in contact

with the car, what will be the acceleration of the vehicles and what force will each exert on the
other?

y We have two objects. We should

isolate them from each other and

i from all other objects (such as the

Ntruck earth) so that we can analyze the

,P AFNCE’" forces acting on each. Of course,

I each car has a weight, and a normal

- 1 yfroad force acts on each upward from the

~ | M ?,mk ground. For the truck, there is a

S ~ ~ force forward from the ground and

J’Q gmcarv a force backward from the car,

while the car experiences a force

forward from the truck. Since the

presumed acceleration is to the right, we’ll use Rule One and choose the coordinate system

shown. The third law of motion says that if the truck exerts a force on the car, then the car

exerts a force of the same magnitude in the opposite direction, so Frruck, car = Fcar, TRUCK.
We must write a set of second law equations for each object.

Ftruck, car

Mtruck

Truck Car
X: 4+ Froap — Frruckcar = MrRruck@x X:  + FcarTRUCK = Mcarax
y: +FnTRUCK — 8MTRUCK = MTRUCKAY y:  + Fncar — 8Mcar = Mgaray =0
=0

The y equations are of no use, so we’ll add the x equations to eliminate the forces acting
between the vehicles.

Froap — Frruckcar = MrtrRUCKxX

7We’ll discuss the nature of this force later in this section. If you like, for now you could say the truck’s tires are
pushing the truck forward.
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FcarTRUCK = Mcarax

Froap = (Mrryck + Mcar)ax

Froap  _ 8000
MTRyUCkK + McaRr 2500 + 1800

ay, = = 1.86m/s?.

Now, we go back to find the contact force. We can use either equation, but why not use the
simpler one?

FcarTRUCK = Mcarax = 1800(1.86) = 3348 N .

MATHEMATICAL JUSTIFICATION

Suppose that A = B and C = D. It should be O.K. to say that

A+C=B+C
but since C = D,
A+C=B+D.

HOMEWORK 5-5
An object with a weight of 250 N is hung from the ceiling
as shown. Find the tension in each of the wires if 61 = 53°

T and 02 = 30°. Hints: There are two objects to investigate,
the mass itself, and the knot where the wires meet.

EXAMPLE 5-5

This example introduces a couple more new notions. Consider two blocks as shown with the
inclined surface being without friction (whatever that is). Since there are two bodies, we will
have to have two free body diagrams and two sets of second law equations. There looks to be
a complication in choosing a codrdinate system, though; no matter how the x and y axes are
oriented, at least one acceleration will need to have two components, and there will have to be
several equations relating the accelerations of each block to each other. We can avoid this by
using a fractured codrdinate system. For example, if mass one slides up the incline by one
meter , mass two must descend exactly one meter. Remember that our strings are inextensible.
By using the system shown below, we can minimize the tedium of relating all the necessary
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quantities and use simply Ax, v, and a to describe the
motions of the masses along their respective x axes, while
asserting that there is no motion in the respective y. We
will also assume that the wheel has no effect other than
to change the direction of the string; it is massless and
frictionless. I will use the term magic to mean this.> The
combination of a magic string with a magic wheel means
that the tension is the same at both ends of the string. The
problem is, find the acceleration of the masses and the
tension in the string. When a problem is worded like this,
the expectation is that the tension will not appear in the
answer for the acceleration, and the acceleration will not appear in the answer for the tension;
the answers should be in terms of only those quantities given in the problem, plus some obvious
ones such as g.

(5]

Let's do free body diagrams. Note that the angle marked 6 in this diagram is the same as the
original angle of inclination.

: T 4 So, write a second law equation for each
My j ! mass:
¥
2 F |
y gM qcos6 M, M; x: +gM;sin(@) — T = M;a,
! M1 y: + FN - ng COS(e) = Mlay
oM ¥ gM4sine M, i

MZ X: _gMZ +T= Mzax
M, y: No Forces .

This last ‘equation’ is written to assume me that you have checked the y-direction for M2 and
there is just simply nothing going on there.

Once again, we’re going to add the x equations:
gM, sin(0) — T = M;a,
—gM, + T = M,ay
gM; sin(8) — gM, = (M; + My)ay .

This is an efficient way to eliminate the tension terms. The acceleration is then

8 In Section 8, we will deal with non-magic wheels.
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ST M, + M,

Let’s stop and think about whether this makes some sense. The acceleration should be
inversely proportional to the total mass (check). If Miis much larger then Mz, the blocks
should slide to the left, and vice versa. Is there some condition whereby the blocks could just
balance? Seems O.K.

Now to find the tension. Substitute the acceleration result back into the simpler of the two x
equations:

_gM2+T: M2<

T=M M, .
2< M, + M, g |+ gM;

Ml Sln(e) - MZ
M; + M, ’

Technically, this expression meets the requirement I put on the solutions. If this were an exam
question, for example, I would accept it. It is possible, though, to make it prettier.

EXERCISE 5-1

Simplify the expression above for the tension. Get in some practice with algebra.

EXERCISE 5-2

Consider the Atwood's Machine, comprising two masses connected
Y by a massless string over a magic wheel. Find the acceleration of the
\ masses and the tension in the string. Let M1 be 5 kg and M2 be 7 kg.
| Give yourself no more than one minute to obtain the correct answer.

Note the difference between 'answer' and 'solution.! The solution
would take much longer than a minute to produce.

M,
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HOMEWORK 5-6

Three identical masses are hung from strings as shown
in the figure. The strings and wheels are magic. Find
the two angles 01 and 02. HINT: again, consider the knot M
as a separate object. M

HOMEWORK 5-7

M, A box (M) sits on a frictionless table and is connected by a magic
string over a magic wheel to another mass (M2), as shown. Find
N the acceleration of the masses and the tension in the string.

Let’s now consider some objects in uniform circular motion. To
review, such an object, moving in a circle at constant speed, has an acceleration towards the center
of the circle (centripetal acceleration) with its magnitude given by

2 v’
ac= wr=—.
r

As we have seen earlier in this section, accelerations are caused by forces. There must, therefor,
be a force or at least a force component towards the center of the circle. We call this of course a
centripetal force. This sometimes causes confusion; better to call this ‘a force that acts
centripetally.” The reason I say this is that, often, students will correctly draw in the force that acts
centripetally, but then add in an additional centripetal force as if it is separate from the actual
forces. The general rule for this is, if you can’t identify what is exerting the force, it’s probably
not actually there.

Some forces of course are directed away from the center of the circle; we refer to these as
centrifugal forces. This is also something to be careful about.

To be consistent with Rule One, we will make one axis in the direction of the acceleration, that is,
we will place the c-axis as positive toward the center of the circle. Centripetal forces will have a

plus sign inserted in front of their magnitudes, and centrifugal forces a negative sign.

DISCUSSION 5-12
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Suppose that I swing a small mass m on a string around in a horizontal circle of radius r. What
forces are acting on the mass? Perform the checklist. Is there weight? Is the mass touching
anything? Is there a string? Draw a free body diagram for the mass. What if I slow the speed
of the object down, does that change your ideas about the directions?

EXAMPLE 5-6
Consider the problem in the discussion above. Find the
wg_\T\ relationship among theta, the speed, and the radius of the
e I . ... S circle. Draw the free body diagram, indicate the center
Cof C S| of the circle (C of C) and choose the coordinate system
5 so that the c-direction is in the direction of the
c+ \bgm acceleration toward the center. We’ll then make y be

vertical. Then, we’ll need to decompose the tension into
c and y components. The second law equations are then

v2
c: Tcos® =mac= m—
r

y: Tsinb —gm = ma, =0 .

Can you see why the string must be at an angle above the horizontal? If it were not, there
would be a net downward force and the mass would accelerate downwards. Let’s re-arrange
and divide the y-equation by the c-equation:

T sin@ = gm
v2

Tcos® =m—
r

r
tan 6 = g_z ]
\%

With this result, we see that the angle of the string will decrease as the speed increases. How
quickly would the mass need to move to make the string horizontal?

EXAMPLE 5-7
Suppose that you’re riding a Ferris wheel of radius 20 m. The operator decides to have fun

with the rubes and speeds up the wheel. At how many revolutions per minute would the wheel
need to spin in order for you to feel apparently weightless when at the top of the wheel?
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First, let’s recall what apparently weightless means. It does not mean there is no weight; we
can’t just shut that off. Like in the discussion of the elevator above, it means that the normal
force of contact between you and your seat is zero and you are in free-fall. Second, since
revolutions per minutes is angular speed, we’ll use that form for the centripetal acceleration.
The weight is pointing toward the center of the circle but the normal force is away from the
center, so

+gm — Fy = mac = mw?r .

Setting Fx to zero and solving for omega,

Ry s _ 10_071radx<1rev> <6OS)_675 .
S Nr (20 7 s 2mrad 1min/ rev/min.
gm
Y
°
CofC
HOMEWORK 5-8 i

Suppose you want to lift a 12 kg mass from the ground to an altitude of /
15 meters as quickly as possible. The problem is that the rope will break /
if its tension exceeds 160 N. What’s the shortest amount of time in /
which the mass can be lifted without the rope breaking? Z j
Sy

HOMEWORK 5-9

A ride at the firemen’s field days (carnivals, down here) comprises
1> a seat connected to a central column by a horizontal strut and a
strut connected at a 53° angle, as shown. The lower strut is 12
meters long. If the seat plus passenger has a mass of 120 kg and
the ride rotates at 2.4 revolutions per second, what is the tension in
each strut?

12m

Pseudo-forces*

As the term suggests, these are forces that don’t actually exist.
Suppose you’re sitting in your car at a red light. When the light turns green, you accelerate
forward. You may feel as if there is a force pushing you back into your seat. If you have some
trinket hanging from your rearview mirror, you may think that there is something pulling it
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backwards. These forces don’t actually exist. What’s actually happening is that the car accelerates
forward and exerts a force forward on you to move you forward along with itself. You sink into
the seat, the sensors in your body feel your layers being squished together, and your body interprets
this as a force pushing backwards. VIDEO.

Similarly, when a car rounds a corner to the right, as an example, you may feel as if you are being
pushed outward against the door. In reality, the door is curving to the right while your body has a
propensity to move in a straight line. The door is actually pushing you to the right, helping you to
move in the circle along with the car.

As you may guess, pseudo-forces are imagined by observers who are in an accelerating frame of
reference. Generally, if you can’t identify the source of a force, it’s probably actually a pseudo-
force.

HOMEWORK 5-10

An ornament (m = 0.3 kg) hangs from the rearview mirror of a car. When the car accelerates
forward along a horizontal road, the die appears to swing backward so that the string supporting
it makes an angle of 6° with the vertical. What is the acceleration of the car? HINT: We're not
concerned about sow the die swung back, only that it has swung back.

DISCUSSION 5-13

Can you think of a way this effect could be used as, for example, a safety device in an
automobile?

Friction

Now, we consider the fourth force, another contact force, that

we’ve been dancing around since Section 2. Friction occurs /] H'th—
at the interface between two surfaces and is directed along
the surface (not perpendicular to it, as for normal contact
forces), opposite to the direction in which the surfaces are E E
sliding or want to slide. There are two types of friction that ~ 2PPied- ~fystery
we will consider: kinetic and static. It is a common
misconception that an object must be stationary to experience
static friction or moving to experience kinetic friction. What
is important is whether the surfaces in question are sliding
against one another or not. Let’s start by considering an
object at rest on the desk; clearly the sum of the forces acting on this object (weight and normal
force from the desk) is zero, since there is no acceleration. If we apply a small force horizontally
to the object, we may be mildly surprised that it does not accelerate; if the second law is to remain
correct, there must be yet another mystery force acting oppositely to our applied force that causes

W
!
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the total horizontal force to be zero (second
law, Fappl - Fmystery = ma = 0). What's more,
the magnitude of that force changes as we
change our applied force; it's always just
big enough to cancel our force. That is, if
we apply 2 newtons, it applies 2 newtons, if
we apply 5 newtons, it applies 5
newtons. We'll call this force friction. A
graph of this situation might look like this,
a line of slope one passing through the
origin:

Furthermore, we see that, if we continue to
increase our applied force, there comes a

point at which this frictional force reaches a maximum value; we know this because we can apply
enough force to make the object move, and that requires a net non-zero force. How big is this
maximum frictional force and what quantities determine its value?

CHEESEY EXPERIMENT 5-5

metal cylinder

touse pad

force-o-meter
|

table

force-o-meter

In this experiment, we placed a one kg metal cylinder atop a mouse pad 'sled' and slowly
increased the applied force as measured by our force-o-meter. If we apply a non-zero force
and the mass doesn’t move, then from the second law, we know how much frictional force is
applied. The point of interest here, of course, is the value of the applied force for which the
sled just begins to move, which is then also the maximum frictional force. In this case, that
force was 2 N. What if the mass is doubled to 2 kg? What do you think the maximum force
will be? It was in fact 4 N.

DISCUSSION 5-14
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On what parameters of this experiment do you think the maximum friction force depends?
Suppose I place my hand on the mousepad and repeat the experiment to obtain 1.6 N. I repeat
the experiment but this time obtain 26 N. Did the mass of my hand change? What did change?
Is this notion consistent with what we saw in the first part of the experiment? When I doubled

the mass, what else doubled?

It appears that the magnitude of the maximum possible frictional force is proportional to the
magnitude of the normal force pushing the two surfaces together. We usually use the Greek letter

1 (mu) as the constant of proportionality and call it the coéfficient of friction:

EXPERIMENT 5-5 CONTINUED

Femax = WFy -

Let’s flip the mousepad over and repeat. The results are listed in the table.

Normal Force Maximum Frictional Force Maximum Frictional Force
(pad right side up) (pad upside down)
ON ON ON
9.8 N 2N 3N
19.6 N 4N 6N
coéfficient of friction 0.20 0.31

You may notice that the coefficient is different for the two parts of the experiment. What is
different between the two situations?

The value of the coéfficient of friction is always for a pair of surfaces. We
can’t say that the coefficient for the tabletop is 0.4, it must be the value for
the tabletop and the bottom of the mousepad. Since the surface of the
mousepad is rougher than the top, that coéfficient will be higher.

What is the nature of friction? In this case, it is once again the springiness <
of the bonds between atoms. Surfaces are never perfectly smooth, and
comprise ‘valleys’ and ‘hills.” As the surfaces try to slide against one —>
another, the points of lateral contact will exert forces to prohibit the sliding.
If one of the surfaces is smoother, there will be fewer points of contact, and
it will require less force to initiate the slide. You can try this yourself by

using your fingers. :

DISCUSSION 5-15
Does friction disappear once the surfaces start to slide? Suppose that you are moving a couch

across a floor. Do you need to continue to apply a force in order to keep the couch moving
once it’s started? Is it harder to get the couch to start to move, or to keep it moving?
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So, it appears that there are two types of friction. One when the surfaces are not sliding, as
discussed above, and one when the surfaces are already sliding. To distinguish these, let’s call the
first (above) static friction and the new one kinetic friction. Let’s repeat the experiment above for
sliding surfaces.

EXPERIMENT 5-5 CONTINUED

This time, we’ll get the mass moving, then apply enough force to keep it moving at a constant
velocity. Then the acceleration will be zero and once again, the applied force will be the same
size as the frictional force.

Normal Force Frictional Force Frictional Force
(pad right side up) (pad upside down)
ON ON ON
9.8 N 25N 3N
19.6 N 5.0N 10N
coéfficient of friction 0.26 0.51

We see that the frictional force is proportional to the normal force. However, the
proportionality constants are different from their respective values in the static case. We’ll
need to distinguish them as ps and px:

Frx = pxFn -

We will assume that, unlike static friction, kinetic friction always has this value. Remember that
in the first half of the experiment, we found the maximum value of the static friction. At this point,
it’s worth doing a brief review.

¢ There is a force of contact called friction which acts along the interface of two objects (as
opposed to perpendicular to the interface, as for the normal force of contact).

e [f the surfaces are not sliding against one another, we call the friction static. This static friction
force is only as big as it needs to be to prevent the surfaces from sliding against one another,
but only up to a maximum value that depends on the natures of the two surfaces and on how
hard they are being pushed together:

Frs < psFy .

Because of the inequality in the relationship for static, we concentrate on situations where the
surfaces are 'about to slide,' or there is some similar condition so that we know that we are at

the critical point when the equality holds true. You should justify this when to do homework
or exam problems.

e [f the surfaces are already sliding, we have kinetic friction, in which case

Frk = ukFn -
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DISCUSSION 5-16

What are the units for the coefficient of friction?

EXAMPLE 5-8

You’re pushing a 800 N box at constant velocity across a floor by
applying a 200 N force F applied at an angle of 25° below the

and the floor?

Because of the wording of the
problem (F keeps the box moving),
we assume that the block is moving
toward the right. Correspondingly,
the frictional force is to the left. The
velocity is constant, so all
components of the acceleration are
zero. We therefor make use of Rule
Two in choosing a codrdinate
system. The second law equations
are then

horizontal. What is the coéfficient of kinetic friction between the box

+F cos® — Fpx = may, =0

—Fsin® + Fy —gm = ma

;=0

We also need an equation for the friction. Since this is kinetic friction, there is no question

that we use the equal sign:

Fex = uxFy -

The solution is fairly straightforward substitution:

_ Fe F cos0O

200 cos(259) N

HK= Fy ~ gm+Fsin® 800 + 200sin(25°)

DISCUSSION 5-17

Your boss sees you moving the crate in this manner and says, “You

need to work smarter, not harder. Get a rope and pull the crate at 25°
above the horizontal.” Will this require less force? What physical

reasons (in words) would back this up?

EXERCISE 5-3

-112 -



Go ahead and calculate how much force would be necessary at 25° above the horizontal to
keep the crate moving at a constant velocity. Was your boss correct?

DISCUSSION 5-18

What question should you ask yourself next?  Usually, this question is answered using
calculus. Can you think of a way to solve this without calculus?

EXAMPLE 5-9

Can we find what angle would result in the lowest required force to keep the crate moving at
a constant velocity? The force necessary to keep the crate moving as a function of the applied
angle is given by

Hg &M
cosO + pgsin®

We would like to minimize the force, which means maximizing the denominator in the
expression. This is a problem that screams for calculus, which we are forbidden to use. So,
we’ll have to be a bit cleverer. Let the coéfficient of friction be represented by the cotangent
of an angle phi.

B + pgsin® = cosd + cot(e) sin = P
cos Ugsin® = cosB + cot(¢) sin® = cos Sin(0) sin
_ sin(¢) cosb + cos(@) sin®  sin(¢p + 0)
- sin(¢) ~ sin(e)

Now, since sin(@) is a constant (it depends on pk), we need only worry about the numerator
here, which maxes out at one when the sum of the angles is 90°. So, the angle that would
require the least force to keep the crate moving would be

B, = 90° — @ = 90° — arccot(ug) = 90° — arccot(0.20) = 11.3°

Static friction problems are generally harder than kinetic problems. First of course, we may not
be at the critical point of the surfaces being just about to slide, and often we don’t even know
which way they will try to slide. Let's look at a fairly standard problem and see what kinds of
questions can be asked and how we might deal with them.

HOMEWORK 5-11
A mover finds that a 120 kg dresser requires a 70 N horizontal force to set it in motion across
the floor, but only 55 N to keep it moving with constant velocity. Find the static and kinetic

coéfficients of friction between the bottom of the dresser and the floor.

HOMEWORK 5-12
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What minimum force is necessary to drag a crate of mass 60 kg across a floor at constant
velocity with a rope inclined at 37° above the horizontal? The coéfficient of kinetic friction is
0.7.

EXAMPLE 5-10
Consider once again two blocks connected by a

light string over a magic wheel, with one block on
a rough incline.

What kinds of questions could be asked? One
might wonder

o what is the largest value of M1 (or the smallest
value of M2) for which M1 will not slide down the
plane?

e what is the smallest value of M1 (or the largest
value of M2) for which M1 will not slide up the
plane?

e what is the smallest value of ps for which M1 will not slide down (or up) the plane?

e what is the smallest (or largest) value for 6 for which M will not slide up (or down) the
plane?

e what is the direction and magnitude of the acceleration, assuming that the blocks are in
motion?

o about many things not listed here.

Many of these types of problems require us to assume or guess which way the blocks would
slide if there were no friction, since we need to be able to assign a direction to the frictional
force that would keep that from happening. Sometimes, the direction is obvious, other times
we will need to solve the problem first with us = 0. Let’s take a run at several of these.

Write the second law, assuming that the blocks are moving, or about to move, with M sliding

down the incline. Keep in mind, we may well be wrong about this. Even worse, the blocks
may be moving one way but accelerating the other!
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For M2, we have

+T - gMZ == MZaX

No Forces
For M,
—T — F¢+gM;sinb = M;a,
+Fy —gM; cos® = Mja, =0
Fr= uFy .

Note that I haven’t specified which type of friction, although if it’s static, the system must be
just about to move. Nor have I specified zero acceleration. I have assumed that the frictional
force is directed up the incline. Let’s do some math.
Fr = uFy = p(gM; cos6)
Substitute this into the M x equation.
—T — pgM; cosB + gM; sinb = M;a,
Then, as usual, add the M2 x equation to eliminate the tension.
—T — ngM; cosB + gM; sinb = M;a,
+T — gM, = M,ay
—gM, — ugM; cos0 + gM; sin6 = (M; + M,)a,
g(— My + M;(sin® — p cos8)) = (M; + My)a,
Let’s answer some of the questions that were listed above.

What is the largest value of M1 for which M1 will not slide down the plane? Since the masses
are not yet moving, ax = 0, the friction is static, and the equation simplifies to

M, = M,(sin® — u cos 0)

M,
sin® — u cos 6

Mimax =

What is the smallest value of M1 for which M1 will not slide up the plane? We don’t have to
redo the entire problem. The only thing that changes from the first question is the direction of
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the frictional force, and we can fix that with a mathematical trick by replacing p with -p. So,
we immediately know that

M,
sin® + p cos®

Mimin =

What is the smallest value of ps for which M1 will not slide down (or up) the plane? Once
again, the acceleration is zero and the friction is static, so

M, = M;(sin® — pu cos 0)

. M,
sin 0 —M—1

Hs MIN = cos 0
What is the smallest value of ps for which M1 will not slide up the plane? We’ll use our math
trick again, since the only difference in the equations will be the direction of the frictional
force.

M\ M,
o smG—M—1 _M—l—smG
Hsmiv = cos 0 " cosO

I’m sure you’re getting the idea here. Now, what if the masses start from rest and do slide?
What would be the acceleration? That’s going to depend on which way they slide. So, first
we need to find the direction of acceleration without friction, then put it back in to find the
actual acceleration:

— M, +M;sin0
dx NO FRICTION — (M, + M) g

B (— M, + M, (sin 6 — pg cos 6))

A (M; + M,)

If the sign of this ‘no friction’ acceleration is positive, we’re already O.K. and we return to the
solution as given. If the ‘no friction’ acceleration is negative, then we need to reverse the sign
of the coefficient of friction, then compute:

B (— M, + M, (sin 6 + pg cos 9))
M; + M)

aX
Of course, if you’re told which direction they are moving in, you just pick the correct sign for
LK.

HOMEWORK 5-13
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M, A 15 kg mass (M) is connected by a magic string over a magic
wheel to a 5 kg mass (M2) as shown in the figure. When the
masses are released, M> falls from rest a distance of 2.2 meters
in 3 seconds. What is the coéfficient of kinetic friction between

My M and the table surface?

EXAMPLE 5-11

Suppose you’re bored early on a Sunday morning and you decide to drive your 1800 kg car in
circles in the parking lot at the local mall. How quickly can you drive the car in a circle of
radius 50 m?

So, what forces act on the car? Obviously, there is weight. There is a @
normal force from the pavement upward, and there is friction. If you’ve |
tried this on an icy surface, you know the car will simply travel in a 3)

straight path. In what direction is the friction? Well, the car is ‘trying’ to
move in a straight path, which means it’s trying to slide away from the

center of the circle. Since the friction opposes that attempt, it must point @
toward the center of the circle. You can even feel this force with your
hands VIDEO. Which type of friction is this, static or kinetic? Be careful! 0

Let’s say the coéfficient of friction is 0.85.
Let’s do a free body diagram.

Rule One tells us to place the c-axis
toward the center of the circle. The
second law equations are

VZ

c: + Ffg =mag =m—
r

CofC

y: +Fy —gm =ma, =0

FF s = |J.5FN crit. sit.

We can use the equality in the static
friction equation because we’re looking for the maximum speed, i.e., the tires are just about to
slip. Re-arranging and substituting,

V2 = rFes  rusFy  rusgm
m m m

= rugg = 50(0.85)10 = 425

VMAX = V425 = 20.6 m/S .
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Notice that the mas of your car didn’t matter.
DISCUSSION 5-19

What does MDOT do to help you get around sharp curves on the highway? Think especially
about cloverleafs. How does this help?

EXAMPLE 5-12

Turn 1 at the Talladega Superspeedway is inclined at a 33° angle from the horizontal and has
a radius of 330 m (this depends of course on which lane you are in). Brand new tires have a
coéfficient of static friction with the track surface of 1.3. What is the theoretical maximum
speed a 1,636 kg car can travel and still negotiate this turn?

Of course, we begin with a free body diagram. As in the previous example, this car would
tend to move toward the outside of the circle,

and so the static frictional force would act to

oppose this sliding and so push it toward the

center. Following Rule One, the c-axis is

toward the center of the circle and then the y-

axis is vertical. We will need to decompose cotc
both the frictional force and the normal force.

The second law equations become:

. v
Fysing c: + Fgcos0 + Fysin® = mag = m-—

y: + FycosO — Fggsin® — gm = ma,
=0

Frg = pgFy crit.sit

Let’s re-arrange, substitute, and divide.

2
v

+ pgFycosO + Fysin® = mT
+FycosO — pgFysin® = gm

2
4
HsFycosO + Fysin® M-~

+Fncos® — pgFysin®  gm
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ugcosd + sin®  v?

cos® — gsin®  gr

At this point, of course, we could solve for any of the variables contained in this relationship.
Proceeding to find the maximum speed results in

B HscosO + sin® 10¢330 1.3c0s33° + sin33° 203m/
VMAX = BT 050 — pgsin® (330) Cos330 — L3sin3zz0 ~ 203M/s:

The record is about 96 m/s.

Suppose in the previous example, we had wanted to find the slowest possible speed so as not to
slide to the center of the track. Since the only thing different about the problem is the direction of
the frictional force, we can take this result and flip the sign of the coefficient of friction:

—ugcosO + sin@
VMIN = |8F .
MIN & cosO + pgsin®

With these particular numbers, I expect that we’ll be taking the square root of a negative number,
which means the car could be parked on the incline and not slip, but with a coéfficient
corresponding to an icy surface, there may well be a real minimum speed.

HOMEWORK 5-14

A dime (m = 2 grams) sits at the edge of the platter of a record player (They’ve made a
comeback, so [ know you know what that is). What is the minimum coéfficient of static friction
that will keep the coin on the platter as it spins. A standard LP is 30 cm in diameter and rotates
at 33!/3 revolutions per minute.

HOMEWORK 5-15

Again at the field days, a patron enters a circular room of radius 5
m. The room starts to spin and speeds up to 7 radians/second, at
which time the floor drops away. What must be the minimum
coéfficient of static friction so that the passenger does not slide down
to a certain death?

QOutside the Safe Zone*

Let’s take a crack at a problem that does have drag. Consider a small metal ball of mass m dropped
from a great height. In the absence of air, it will accelerate downward uniformly at some value
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around 9.8 m/s>. The drag force is commonly assumed to be proportional to the speed of an object,
and of course depends on the size, shape, and orientation of the object as well as the properties of
the fluid though which it is travelling. The direction is opposite to the motion of the object through
the fluid. Let’s write NII for the vertical direction, with down positive:

+gm — bv = ma.

Qualitatively, we can see that, just after release when the speed is extremely small, the acceleration
will be equal to ag. However, as the ball falls and picks up speed, the acceleration will become
less and less (still downward though of course). Eventually, the ball acquires speed v = gm/b, at
which point the acceleration becomes zero, and the velocity accordingly becomes constant. This
ultimate speed is known as the terminal velocity of the ball. Of course, this value will vary from
object to object and even on the orientation of the object, if it is not spherical.

Let’s be a bit more analytical about this problem and solve for the velocity as a function of time.
In doing so, we’ll find the solution to a problem that re-occurs often in this course.

Re-arranging the NII equation above,

gm m
vV = VI+ VH:T_ Fa.

Clearly, the expression that will ultimately represent the velocity has a constant part (vi) and a
changing part (vi), such that v =vi + vi. By observation, we see that vi = gm/b. Next, the ball’s
acceleration is the instantaneous time rate of change of the velocity, but because vi is constant, it
is also the ITRC of vii alone. Mathematically,

= ITRC = li Av
a=ITRC(v) = lim 7+
_ Alvi+vy) (AVI_I_AVII) — AVI_I_ __Avy
T ASb . At T A0 \VAL T At/ T A0 At ¢ AtS0 At
— 04 pim 2
N A0 AL
So, now we have that
AVH _ b
S0 At (_E> Vi -

DISCUSSION 5-20

We’re trying to find a function whose ITRC is proportional to itself. You may remember
studying such a function in high school, although then, the proportionality constant was
positive. I’ll give you a hint: right now, in 2020, the proportionality constant in the U.S. is
horrifically low at +0.0005, while in Switzerland, the constant is a very Swiss -0.0021.

The solution to this equation is
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_bt
vi(t) = vee m

with vo the initial value of vii (but not of v!) and e is a well-known number in mathematics equal
approximately to 2.7183. Solve for vo, knowing that v(t=0) = 0:

v = % n Voe_% Speed (a.u.)
0 = %+ Vo€ trjr? No Drag
v = gm b - __.
b= —o—
So, finally, b With Drag
gm D
v(t) = o (1—e m) '

Time (a.u.)

MATHEMATICAL JUSTIFICATION*

We have a function F(t) with the ITRC of F proportional to F (constant C). Call the initial
value of F at t =0 Fo. What we’ll do is start at Fo, at t = 0 and estimate F at a time At later by
extending a line tangent to the curve; we’ll call that value Fi. For this line, Fo is the y intercept
and CF, is the slope. Fi is not expected to be the actual value of the function at that time.

F, = F(At) = F, + CF, At =F,(1 + CAt).

Let’s repeat this process to estimate the function’s value at t = 2At. We’ll use the slope
calculated from our estimate of Fi:

F, = F(2At) = F; + CF; At = F;(1+ CAt) = F,(1+ CAt)? .
We can use an inductive argument that the n estimate will be
F, =F(nAt) = F,(1+ CAt)"™ .
We have every reason to think that each subsequent iteration of this process takes us further
and further from the correct values, so we’ll need to do this in extremely small steps, i.e., take
the limit as At —0. To do that, we’re going to make a few substitutions. First, the actual time
t is the product of the number of steps we’ve taken and the size of each step: t =n At. We’ll

also define q to be 1/(C At). Then, for motivations that should be obvious in a moment or two,
we can write that n = Ct/CAt = qCt. Note that, as At —0, q—oo.

F(n At) -» F(t) = Al%?o F,(1+ CcAp™
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1 qCt 1 q\ ¢t
F(O) = lim F, (1 + —) —F, <1im (1 + —) )
q— q q—oo q

The value of the limit is very well know in mathematics, but if you don’t recognize it, you can
obtain an approximate value by letting q be a fairly high integer and obtain 2.718281... .This
number appears so often that it has its own symbol, e. The result then is that

F(t) = F,e®t .
You might recognize this as the formula for continuously compounded interest in a savings

account. In 2020, many European central banks have negative interest rates. In the U. S.,
negative rates at the Federal Reserve are forbidden by the Constitution.

EXERCISE 5-1 Solution

M M, sin(6) — M, + oM
2 M, + M, g gy

T <M1M2 sin(@) — M2 + M,(M; + M,) >
= g

M; + M,

B M, + M, g

_— MM, sin(6) + M, M,
- M, + M, g

M; M,
T = (272 ) (si 1
(M1 T M, ) @) g
EXERCISE 5-2

Well, you just did this problem. In this case, though, the angle of the ‘incline’ is 90°.

_ Mysin(6) — M;  5sin(90°) — 7

ay M+ M, g= e 10 = —1.67 m/s>.
T = (ﬂ) (sin(6) + 1)g = (ﬂ> (sin(90°) + 1)10 = 58.33 N
M, + M, 8= 547 '
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EXERCISE 5-3 Solution

The second law equations are almost the
same; only the vertical component of the Fn

applied force changes direction (it will

presumably also change magnitude). //}T‘ .
E Fsmd

£ il Frosd
+F cos6 — Fpg =ma, =0 8] _Eeosb o

+ Fsin + Fy—gm =ma, =0 .

Fg = pxFn -
This solution is a bit more tedious.
F cos® = Fpgx = pugFy = ug(gm — Fsin®) = uggm — pgF sin®
F cosB + pgF sin@ = pggm
F (cosB + pgsin® ) = pgxgm

_ HUggm _ (0.2)800
~ cosB + pgsin®  cos(25°) + pgsin(25°)

= 1615N
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Sample Exam II

MULTIPLE CHOICE (4 pts each)

1)

2)

3)

4)

Consider the two masses (m1 = 10 kg, m2 = 5 kg) hanging as shown in
an elevator. What is the tension in each rope as the elevator accelerates
downward at 3 m/s*? Let g = 10 N/kg. T

A)Ti=105N; T2=35N 10 kg
B)Ti=195N; T2=65N
C)Ti=100N; T2=50N
D) Ti=150 N; T2= 50 N [5 kg]
E) None of the answers above is correct.

Choose the answer which bests completes the sentence:
If an object is at rest, then

A) no forces act on the object.
B) any forces which form Third Law pairs cancel each other out.
C) the mass of the object must be very large.
D) the sum of all forces acting on the object must be zero.
E) the weight and the normal force must be equal in
magnitude and opposite in direction.

Consider a block of mass m which is just about to slide
along the ceiling, as shown. The coéfficient of static mn —

friction between block and ceiling is ps. Which of the %—

following sets of equations follow from Newton's
second law?

A)Fsinf+mg-Fn=0 FcosO+Fr=0 Fr=ps Fx
B)Fcos06-mg-Fn=0 Fsin®+Fr=0 Fr=ps Fn
C)Fcos6-mg+Fn=0 Fsin®-Fr=0 Fr=ps Fx
D)Fsin®-mg-Fn=0 Fcos0-Fr=0 Fr=ps Fn
E)Fsin6-mg+Fn=0 -Fcos0-Fr=0 Fr=ps Fx

Suppose you would like to launch a satellite so that it orbits the earth in a circle just above the
surface (ignore inconvenient considerations such as air resistance and irregular topography).
What would the speed of the satellite need to be? The radius of the earth is 6.4x10 " m.

A) 6.4x10 T m/s
B) 8000 m/s

C) 2500 m/s

D) 800 m/s
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E) 10 m/s
N.B.: If you’re rusty on scientific notation, remember that 6.4x10 *® = 6,400,000.

5) The most expensive production automobile ever is the Veyron by Volkswagen (cost = $6 million
each). The Veyron can slow from 110 m/s to a stop in 10 seconds on a flat road, i.e., it can
decelerate at 11.1 m/s?>. Assuming that this is due entirely to the brakes (it’s not), what minimum
coéfficient of static friction between road and tires will allow this? Pick the closest value.

A)0
B) 0.25
C) 0.9
D) 1.1
E)2.6

PROBLEM I (20 pts) I
Consider the two masses (M1 = 2 kg, M2 =5 kg) as

shown, one of which is on a smooth surface inclined
at an angle of 8 = 30° from the horizontal. - i

A) What is the acceleration of the masses? (15 pts)

B) Find the tension in the string. (5 pts)

PROBLEM II (20 pts)

Billy decides to boat 2000 m downstream and back. His mom tells him he must be back within an
hour (= 3600 seconds). The river flows at 1 m/s relative to the ground and Billy’s boat moves at
3.0 m/s relative to the water.

A) How much time will it take Billy to travel the 2000 m downstream?

B) How much of his 60 minutes remain for the return trip upstream?

C) With what velocity relative to the water would Billy’s boat need to move to return on time? Can
he make it back in time?

PROBLEM III (20 pts)

Commander Buzz Kutter is floating in space 50 meters from the open airlock of his spaceship, the
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Lazy Star. The only thing in his possession not immediately needed for survival is a hammer.
Outline a procedure that might allow Kutter to return to his ship. Explain fully.

PROBLEM IIII (20 pts)
A uniform string of mass M hangs between the tops of two poles M
of equal height. At each end, the string makes an angle 6 with

the pole, as shown. Find the tension in the string at its center.

HINT: Here’s a problem where the tension in a string is NOT
the same along its length. It is not massless.
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SECTION 6 - THE SECOND PICTURE

We've looked at the motions of objects using forces and accelerations, and if we were lucky enough
to have constant accelerations, the kinematic equations. Now, we'll introduce a second picture
which we may, or may not, find more convenient to use on certain classes of problems. Please
note that this new picture is really nothing more than Newton’s second law with a few definitions
thrown in; there is a tendency for students to thjnk of this material as disconnected from previous
discussions, but it really just a re-arrangement of stuff you already know.

DISCUSSION 6-1

Consider a small toy car sitting on a table at a spot marked ‘X’; we’ll assume the wheels make
its contact with the table frictionless. Observe the car closely. Now, observe the car as it
travels through point X. Is it fair to say that the car possesses some quality or property in the
latter case which it lacks in the former? How did the car acquire that property?

CHEESY EXPERIMENT 6-1 VIDEO
After the experiment, we concluded/agreed on the following:

e We agreed that there is some quality the object possesses when it’s moving through X that
it lacks when it’s stationary. For want of a better word, let's call that quality energy (E).

e Energy is transferred into the object by applying a force. However, the force must act
through a displacement. Applying a force to a non-moving object transfers no energy.

e Transferring energy into (or out of) an object is a process; let us call the transfer of energy
the work (W) done on the object. Work is not a form of energys, it is the transfer of energy.
Let’s define the work on an object to be positive when energy enters the object and negative
when it is removed (why not?)

e The bigger the force, the more energy is transferred: as F1, W1. We might even speculate
that W is proportional to F. That would certainly be the simplest relationship consistent
with our observations. We could be wrong, of course; perhaps W ~ F? or F>. We’ll make
the simplest assumption and see if there is a contradiction somewhere in our subsequent
experiments.

e The greater the displacement over which the force acted, the more work is done: that is, as
Ax 1,W1 .We might speculate that W is proportional to Ax.

What's more, there is an effect due to the relative orientation of the force with the displacement.
We saw that:

e IfF and AX are in the same direction, energy is transferred into the object and we say that
positive work was done.

e IfF and AX are in the opposite directions, energy is transferred out of the object and we say
that negative work was done.

e IfF and AX are perpendicular, no energy is transferred into the object and we say that no
work was done.
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DISCUSSION 6-2

How can we express these last notions in a more mathematical way? Can you think of a
function that will give us a positive value when two vectors are parallel, a negative value when
they are anti-parallel, and zero when they are perpendicular?

Let’s consider an object moving along, say, the x-axis while a force is applied at some angle away
from the x-axis, as shown in the figure. When we talked about vectors and components, we said
that the components of a vector can replace the
original vector. Let’s do so for this force. The
component parallel to the displacement is F cos 6
lF sin 7 and the component perpendicular is F sin 6. The
| former should contribute to the work, while the
| latter does not. Sounds like just what we need.
L/'E_ F cos EE..! o Ind@ed, if the ang;l were greater than 90°,‘the
cosine would provide the negative sign required
when the force and displacement are in generally

opposite directions.

Let’s synthesize these notions into a single mathematical expression, with the assumption that the
universe works as simply as possible:

W = F Ax cosOppy = AE.
The unit for work is newtons times meters; we will define one joule (J) as the work done by one
newton of force acting on an object while it displaces one meter in the same direction. This
procedure will increase the energy of the object by one joule.!
Now, since the result for the work doesn’t depend on the actual directions of the force or the

displacement, but only on their relative directions, we might guess that the work is a scaler
quantity. We’ll confirm this in a page or so. As such, the work can be written as?

W= F- A% .
EXAMPLE 6-1

Consider a box pulled 4 meters along the flat ground by a rope with tension 58 newtons which
is at an angle of 54° above the horizontal. How much work does this force do?

The diagram for this is close to the one above. The work would be

!'1 like to use a bank account as an analogy. Work is like the deposits and withdrawals, while the amount of energy
is like the balance. If there is a deposit of $19, the balance increases by $19.
2 Revisit Section One to review the dot product of two vectors.
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W = F Ax cosBp px = 58 (4) cos(54°) = +136.4] .
HOMEWORK 6-1

A cowboy grabs a rope trailed by a runaway horse and applies a force of 1100 N as he is
dragged 37 meters. How much work does the cowboy do on the horse? How much work does
the horse do on the cowboy? How do the answers to this question depend on whether the horse
stops, slows, or keeps running?

DISCUSSION 6-3

What if several forces act on the object simultaneously? Can you extend the analogy with the
back account?

At this point, we’re in a strange position. We think we know a bit about transferring energy, but
we don’t yet know what energy is. Let’s see what happens if we apply a number of forces to an
object and find the total work performed on it., which in turn should be the change in the object’s
energy, AE.

DERIVATION 6-1

To start off, let’s assume a one-dimensional problem with constant forces.

WroraL = ZWH=ZE,-A§=<ZE])-A§ = (m3)-AX =m(@@-AX)
n Iél n

vi — v} 1 1 1
=m(———)=:mv? - -mv? = A(—mvz) = AE ,
2 2 2 2

at which point we might jump to the conclusion that
E= tmv? .
2

This is a little dangerous; just because two quantities have the same change in value doesn’t
mean that they have the same value. For example, there could be some constant term included
in the energy that cancels out when calculating the change.> However, we have previously
decided to go with the simplest explanations, until a contradiction is found. Historically, this
was the definition of energy, but as we proceed through this section, we will introduce notions
of other types of energy. Seeing as our object possesses this energy due to its motion, let’s
define this specifically to be the kinetic energy, K:

1
= —mv? .
2

3 Perhaps E = YA mv? + mc?. The second term will always disappear when AE is calculated.
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Note that, because the kinetic energy depends on the speed of the object, it is a scalar, not a
vector.

HOMEWORK 6-2

At what speed would a 50 kg person have to run to have the same kinetic energy as a 1500kg
auto traveling at 100 km/h?

DISCUSSION 6-4

Suppose a jogger of mass M is trotting along at speed vo, and therefor has kinetic energy Ko.
What kinetic energy (in terms of Ko) would he have if he doubled his pace? If his daughter
with half his mass then paces him, how much kinetic energy would she have?

Now let’s make thigs a little harder. First, what F
if the force applied were not constant (or, a
variable force)? Clearly, more work would be
done in some displacement intervals than in
others.

DERIVATION 6-2

We need to break the overall displacement
down into very many, very small 2 o
displacements Axn, over which we can

consider the force to be relatively constant at value Fax n; we then find the work done over that
interval to be (approximately)

— 1 2 1 2
W, = F,Ax, = My —-mvy

and the net work is then

_E _1 2 _ 1 2, 1 2 _ 1 2 1 2_ 1 2
n

1
mvi — -mvi = AK,

N =

as before.
DERIVATION 6-3

And finally, what if the object moved in three dimensions? The force could be written in
components, Fx, Fy, and Fz. Fx would make no work contribution due to movement in the y or
z directions, Fy would make no contribution due to movement in the x or z directions, and F,
would make no contribution due to movements in the x or y directions, Therefore, making use
of Derivation 6-2, the work done by this force would be
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W= ZFXAx+ Fy, Ay + F, Az
n

1 2 1 2 1 2
—Emvyi+5mvzf—5mvzi
— 1 2 2 2 2 2 2yy — 1 2 2\ — 1 2
= Em(vxf+vyf+vzf—(vxi+ Vyi + Vi) = Em(vf—vi)—A(Emv)

= AK,

as before.

A combination of these last two arguments lets us assert that the result is valid even for variable
forces in three dimensions, although in practice that may be quite difficult to calculate.

So, most generally speaking, we have that
WroraL = AK.

This last relationship is called the work-energy theorem. Note that it is nothing more than
Newton's Second Law, combined with one of the kinematic equations, plus a definition. It is the
second 'picture’ of the three we shall use to solve problems, the first being forces and accelerations.

Net force causes |change in velocity
Net work |causes |change in kinetic energy

? causes change in ?

You may well ask, why bother? Can’t we just solve everything with Newton’s Second? We will
find that this picture will be on occasion more convenient to use than forces and accelerations,
especially in cases where we don't need to know the time a trip takes, or when the acceleration is
not constant.

EXAMPLE 6-2

Throw a ball upward with an initial speed of 12 m/s. How high does it rise (H)?

_ 1 2 1 2
WroraL = ZMVve — SMvy .

When we used Newton’s second law, we put in all of our effort on the left side finding the
forces, but the right side was always ma. Here, we put all the effort in again on the left side
finding the works, and the right side is always AK.

The only force acting on the ball is its weight, gm, downward. The displacement is H upward,
so our angle between the force and the displacement is 180°. The work done is therefor
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W, = (gm)(H) cos (180°) = —gmH

The ball stops at its highest altitude, so vi= 0. So,

—gmH = %mv?— -mvi .
I_I_vlz—vf2_122— 2—72m
28 20100

HOMEWORK 6-3

A 3 kg object initially at rest is acted on by a  F{l}
non-constant force which causes it to move 3 15—
m. The force varies with position as shown in

the figure. 10 ——

a) How much work is done on the object by this
force? i
b) What is the final speed of the object as it
arrives at x =3 m? Assume that the given force | | % (m)
is the only force acting on the mass.

EXAMPLE 6-3

Here’s a problem we’ve seen before to compare the
@ & solution methods of Picture One and Picture Two.
Consider a block of mass m = 5 kg at the top of a
L frictionless ramp L = 2 meters long that is inclined at
\\ 0 = 37° to the horizontal. If the mass starts from rest
— at the top, how quickly will it be moving when it
reaches the bottom? The answer better be 4.9 m/s.

Draw a free-body diagram; the weight and a normal force
are the only forces. One thing we don’t need to do is
choose a coordinate system. Everything is relative to the
direction of the displacement. We’ll use the WE theorem,

=1 2 _ 1 2
Wrora, = ;m Vg — cmvy .

Let’s look at the works:

Wn = 0, since the force is perpendicular to the
displacement;
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W = (mg) (L) (c0sOmg.ax).

What angle should we use for Wg? It’s not 37°! We want the angle between the force and the
displacement, 53°.

1 2 1 2
WN+ Wg = Eme - EmVi

_ 1 2 1 2
0+ Wg— Eme Emvi

2 2Wg 2 2 o
vi+—= = [vi+2glcos(8) = J 02 +2(10)2 cos(53°) = 49 m/s.

DISCUSSION 6-5

Suppose that I drop an object from a given height, such as a pen onto the table. The force of
gravity (the object's weight) does work and the kinetic energy of the object increases. Now,
suppose instead that I slowly lower the object to the table from the same initial
altitude. Compare the work done by gravity in the second case to the work done in the first
case. Do you understand the difference between the work done by a force and the total work
done by all forces on an object?

Conservative and non-Conservative Forces

Let's divide the realm of forces in to two categories: conservative forces and
non-conservative forces. This may seem rather facile, in that I could divide

forces in to red and non-red categories, and each force would have to fit into
one of them. However, this is a distinction which we will find useful. What
we find is that for some forces, the work they do on some object moving from gm
any particular point A to any particular point B is independent of the path taken
between A and B. We call this type of force a conservative force. There are a

number of alternate ways to define what a conservative force is, but they are

all equivalent to each other. Any force for which the work can depend on the

path is a non-conservative force.

Let's take the weight of an object as a concrete example. Suppose that I lower
a mass m from a height h above the table to the top of the table. I'm only
interested at this point in what the weight does, not what any other force, such

as from my hand, does. The force is gm downward, and the displacement is h
downward, and those two vectors are parallel, so we have that

W, = gm h cos(0°) = gmh.
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once again.

Let's pick a random
path. You might be
able to see that we
can always approx-imate any path to an arbitrary
degree of accuracy with these stepped horizontal
and vertical move-ments. From previous
discussion, we know that any horizontal
movements will correspond to no work being done
by gravity. The vertical displacements are each of
magnitude hn, some parallel to the weight and
some anti-parallel, such that the work done by the
weight during each vertical motion is

Now, let's take the object on a little tour of the region. Move it
horizontally a displacement s, then down h, then horizontally again
s, back to point B. The work done will be

W, = gm s cos(90°) + gm h cos(0°) + gm s cos(90°) = gmh

hy

L7

W, = Z gm h,, cos(6,) = gm Z h,, cos(6,) ,
n n

where cos (6n) = +1 if the displacement is downward (parallel to the force) and -1 if the

displacement is upward (anti-parallel to the force).

We realize that the last summation is simply

h, so that the work done by the weight is gmh, as before, and work done by the weight throughout
the whole trip is indeed independent of the path taken.

L

Ax

Next, let's consider an example of a non-
conservative force: friction. Consider an
object being slid across a table top along two
paths (let all Ax's be the same magnitude).
Remember that we are not concerned with the
work done by any other force, such as that of
the hand that pushes the block. The frictional
force will be (not proven here):

Fx = ug (gm)

So that the work done by friction from Point
A to Point B along the direct path is

Wf Direct Path — MK (gm) Ax .
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If instead, the object is pushed along the other three sides of a square, the same amount of work
will be done by friction along each of the sides, so that

WfLong path = 3 Mg (gm) AX # Wepjrect path -

So, we see that friction is not a conservative force. Just as clearly, neither is the force that pushed
the object around on the table.

Potential Energy

A few pages ago, we defined energy as 2 mv?, which is how it was originally defined. It was a
few years later that the ‘kinetic’ was added. We make this distinction because we will introduce
a second type of energy, although to my mind, it is only a bookkeeping trick to keep track of some
work terms. I admit, though, that the concept of potential energy (U) can be extremely useful.

Let's consider the dropped pen again. We can say that during its fall, the pen is acted on only by
the force of gravity, which does positive work, and thereby causes an increase in the pen's kinetic
energy (work-energy theorem). We can develop an alternate notion, by saying that energy is
somehow stored in the pen by virtue of its altitude above the table, and that this potential energy
is then converted to kinetic energy as the pen falls. What we find is that any conservative force
can have a potential energy function associated with it. For example, if a conservative force does
positive work on an object so that the kinetic energy increases, we could alternatively say that the
potential energy of the object is decreasing while the kinetic energy is increasing, and vice
versa. So, for a given conservative force (Fc), we require that

WC = —AU .

We can do this only for conservative forces. Here’s why.

B B
Path One Path One
Path Two Path Two
A A
Conservative non-Conservative
Wic = Wac Winc”™ Wanc

By definition for a conservative force, the work done by the force along any Path One from A to
B is the same as along any other Path Two. Since the two paths have only points A and B in
common, there must be some numbers associated with the object being at each of these points that
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provide sufficient information to determine the work. We call these values the potential energy of
the object at A (Ua) and the potential energy of the object at B (Ug).* If we tried to do that with
the non-conservative force, starting at point A, we would have to conclude that there are two
different values associated with point B, or indeed, potentially an infinite number of such values,
one for each possible path and amount of work done.

DISCUSSION 6-6

One might point out that this —_—— B
argument regarding conservative =

forces is valid only when Path One -

and Path Two do not cross (they Path Une// Path Tuw

would have more than just two p S

points in common). Of course, we

can come up with any number of /\~_/::‘

paths that do cross. Can you A

provide an argument that takes care
of that omission?

Path Three

Here we go. Let’s start with the work-energy theorem, and divide the works on the left into two
categories, depending on whether the associated forces are conservative (C) or non-conservative
(NC):
WroraL = AK

WC + WNC = AK .
We’ll define the change in potential energy as AU = -Wcons, so that
Since work and energy are not the same thing, and because I hate minus signs,

WNC = AK + AU .
In the same way that I find £F = ma to be more convenient than the conceptually better a = XF/m,
I find this form of the work-energy theorem to be more convenient than the conceptually satisfying

version of a few pages back.

Can we figure out what the gravitational potential energy function is? Not really. We can only
figure out an expression for its change.

4 If you read this paragraph carefully, you should have noted that these values are not directly associated with the
points A and B themselves, but with our object being located at A and at B. There is a quantity associated with the
points themselves, regardless of whether there is an object there or not, but it is typically not covered in PHYS 1.
Look for an analogous quantity though in PHYS 2!
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DERIVATION 6-4

Consider the specific example of the pen discussed earlier
that was lowered from a height H to the table below. We
calculated that the work done on the pen by the weight —
was gmh. Now, to make this work consistently, it’s gm
necessary to give up a little freedom of choice; we will Wy
require upward to be positive y.> Since h is a positive

number (the magnitude of the displacement) and since yi

> yr, we can instead write that

4

W = gmh = gm(y; — y¢) = —(gmy; — gmy;)
= _A(ng) . B

If we keep in mind that we defined U such that

we might just jump to the conclusion that

U(y) = gmy .

Now, of course, we still have the same problem we had with kinetic energy, that there may be
some constant term we’re missing that will cancel out when we find AU: U(y) = gmy + Ub..
This time, though, we’re going to take advantage of that. Where we pick our origin (i.e., where
y = 0) is entirely up to us, and so that is where we choose the potential energy to be zero. So,
we’ll make these choices to be as convenient for us as possible. Generally (80% Rule!) you
will want to place y = 0 at the lowest level of a problem.®

But, let’s consider. Suppose I raise a 2 kg object from a tabletop 1 m above the floor to 2 m
above the floor. If the zero of potential energy is zero at floor level, I increased U from
(10)(2)(1) = 20 joules to (10)(2)(2) = 40 joules. If the zero had been at table level, it went
from 0 joules to (10(2)(1) =20 joules. And if the 3 meter high ceiling had been U = 0, it went
from (10)(2)(-2) = -40 joules to (10)(2)(-1) = -20 joules. In each case the change was the same
(+20 joules) even if the actual potential energy values were very different.

Some admonitions before we start examples. First, remember that you should not put the potential
energy term on both sides of the relationship; it’s either a work term on the left, or it’s a potential
energy change on the right. As I said, this is a bookkeeping trick. Second, remember that there
may well be more than one conservative force operating on the object, which would require us to

5 You may remember doing this when we required radial forces to be counted as positive when toward the center of
the circle and negative when away.
6 Of course, later, we’ll see some exceptions, i.e. the other 20%!
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have more than one AU term. For this course, there are only three conservative forces; all others
should be considered to be non-conservative.

Conservation of Mechanical Energy

Let’s call the sum of an object’s kinetic and potential energies its mechanical energy. Let’s
consider a special case in the absence of non-conservative forces, or at least a situation where no
non-conservative forces do work:

WNC = AK + AU
becomes

0= AK+ AU

This is interesting. It says that, in the absence of non-conservative forces (or at least of such forces
which do any work), the total mechanical energy is conserved, or remains constant. There is, in
physics, a great number of quantities that are conserved in the absence of outside agencies. In the
present example, the energy may change from from kinetic to potential or vice versa, but it is
neither created nor destroyed.

This concept of the conservation of mechanical energy is not the same as conservation of total
energy, which you may have heard of in your other classes. This is a much more restricted form
of that concept. For example, let's look once again at the dropped pen. Just after release, the pen
has zero kinetic energy and mgh of potential energy (we'll let U = 0 at the tabletop). Just before
hitting the table, U = 0 and K is not zero, and in fact equals numerically mgh. Now in a more
general way, we can talk about the conservation of total energy, but only if we broaden the
definition of energy. You may remember from your other classes that the molecules in solids can
be modeled by balls connected by springs, and that the balls are constantly vibrating, possessing
kinetic and potential energy. This kinetic energy is different (in a fashion) from the translational
kinetic energy discussed above, in that for translational kinetic energy, every particle shared the
same velocity vector, but for vibrational kinetic energy, the motions are more random. When the
pen hit the table, shock waves went out from the impact through both the table and the pen,
increasing the vibration of the molecules in each object. This increased thermal energy is observed
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macroscopically as an increase in the temperatures’ of both the table and the pen. Other energy is
carried away as sound, which eventually warms other objects it hits, such as your eardrum.

EXPERIMENT 6-2

Everything we’ve done in -
this section up to this point
was based on the
conjecture that the work is 05
found by multiplying the =
displacement of an object .
by It)he parallel compoéent @ 03 - - et 7
of the force acting on it. 2
While the rest of the
section has a fairly firm
basis, if the original ¢
conjecture is incorrect, all

that followed may be just Position

as incorrect. So we need

some evidence to support

the conjecture, and that is usually accomplished by performing an experiment. Here are the
results of an experiment measuring the potential and kinetic energies of an object as it slides
down a frictionless incline. Note that, as the potential energy U decreases, the kinetic energy
K correspondingly increases, but that the total energy (U + K) remains constant as predicted
(to within experimental error). In this experiment, the maximum deviation from the average
is 0.8%.

1 2 3 4 5 B 7

a

EXAMPLE 6-3

You.ve seen this one before. Consider a block of

mass m = 5 kg at the top of a frictionless ramp L @ &

= 2 meters long, which is inclined at 6 = 37° to L
the horizontal. If the mass starts from rest at the '

top, how quickly will it be moving when it
reaches the bottom?

As usual, draw a sketch and a free-body diagram.
There are two forces acting on the mass: the
weight and the normal force. Let’s start with the more recent and more useful version of the
work-energy theorem:

7 While you may have a general idea of what temperature is, we’ll define it carefully later in the
course.

-141 -



At this time, it is legitimate to ask, “Gee, Dr Baum,
we’ve learned how to do this problem three ways,
none of which seems any easier than the others.
What’s the point?” And here it comes. Suppose
that instead of a straight frictionless surface, the
incline had instead possessed a ‘wavy’ surface, as
shown in the figure. Here, the mass does not slide

Wne = AK+ AU
Wie = %mez - %mViz + gmyr — gmy;
Next, let’s consider the works done:
Wn = 0 — the force is perpendicular to the path and so the /E..
cosine term is always zero. ¥ 4

W; — this is a conservative force and will be dealt with on
the right side of the equation.

There is one piece of information we will need: the initial
altitude of the object. Since the sinf = yi/L, yi is L £m

o

Sin(370) = 12 m. ‘_E:II].S]..[:I:‘H "'3"‘;
So then
0= imv{— imv{+gmy;— gmy; ,

which is always nice.

Following a brilliant suggestion I read somewhere, I’ll put y = 0 at the bottom of the ramp. I
also realize that the object starts from rest at the top, and so I’ll simplify here with justification.

0= jmvf— mvi +gmy;— gmy;
starts fromrest y;=0

1 2 _
ngf = gmy;j

ve=/28y; = 4/2(10)(1.2) = 49m/s.

uniformly down a straight surface. Let’s think

about doing this with Newton’s second law. Let x be the direction down the incline. The weight
will have a constant component along the dotted line shown in the figure, but the normal force will
have a varying component in that direction, sometimes down the incline, sometimes up the incline,
and sometimes zero, depending on the exact shape of the surface. And that’s an oversimplification.
If we try to use the original form of the work-energy theorem (following the wavy line), it’s

8 In this section, I’ll indicate quantities that are zero in red, and justifying why in the line directly underneath.
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certainly true that the normal force does no work, but the angle that the weight makes with each
small interval of displacement as the object slides down will vary. Either way, we would have to
know a lot of very specific data about the shape of the curves ramp and do a horrendous calculation.
However, because the weight is a conservative force, the work done on the object does not depend
on the exact path taken; all we need to know are the potential energies at the start and end of the
trip. Here is a perhaps clearer example to illustrate the usefulness of potential energy.

MATHEMATICAL DIGRESSION*

Before we cover the next example, we need to find the average value of the cosine function in
the first quadrant, between 0 and n/2 radians (90°). To do that, we’re going to find the area

average of cos 0

coso

|
0 6] n/2 0 6 n/2

under the cosine curve. The height of the rectangle containing the same area over the same
domain will be the average. As an analogy, think of the left curve as the distribution of grades
on an exam (well, let’s hope not!). The area under the curve represents the total number of
points earned by all students. If we redistribute the points so that every student gets the same
grade, then that grade will be the average.
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To find the average, consider an object moving at constant

speed v around a circle of radius R. To match the

y parameters of our problem, we’ll look at the motion when
the object is in quadrant four with theta measured as shown.

For convenience, we’ll make both v and R, and therefor ,

R X equal one.’ This makes the x component of the velocity be

<k

0 \2 vy = vcosB = cos(0) ,

6 and since 0 = ot, we can write that, numerically,
Vy =V cos0

~— 6=t.

That means that the graph of the x component
of the velocity in quadrant four matches exactly
1= the graph on the left above, and their areas will
be the same. What is the area under a velocity
vs time graph? It’s the displacement, and in
this scenario, the object moved from x = 0 to x
= R = 1. The area under the original cosine
curve is then 1.!° To find the average value in

>
> this interval, consider the area of the rectangle:
area = base X height
s 2
1 =—h - h=-—.
2 s
0 _ ]
0 time (s) /2 The average of the cosine function between 0°
and 90° is 2/x.
EXAMPLE 6-4

Consider a small ball (mass m) attached to the end of a (magic) string of length L = 1.5 m). The
ball is held up at 90° to the vertical and released. How quickly is it moving when it reaches the
bottom of its swing?

% If it bothers you that the validity of the coming result may be limited to this special case, remember that we can
simply use different units so that R is 1. That is, if R = 3.2 meters, we can simply define one noof to be 3.2 meters
and the radius becomes one noof while the initial velocity becomes 1 noof/second. The real requirement here is that
o = 1 rad/sec. Now, if omega were not 1 rad/s, there would simply be a scaling factor that would in the end disappear.
If, for example, omega were say 6.7, then the initial velocity would be 6.7 times greater, but the time to erach the x-
axis would be 6.7 times shorter; the shape under the curve becomes taller and narrower by the same factor so that the
area remains the same.

10 Modified from “Why does the area under one hump of a sine curve exactly equal 2?” Girl’s Angle Bulletin, July
31 2013 https://girlsangle.wordpress.com/2013/07/3 1/why-does-the-area-under-one-hump-of-a-sine-curve-exactly-
equal-2/.
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As a demonstration of the usefulness of the concept of potential energy, we’re going to do this
problem twice. First the long way; keep in mind that we could also use calculus, but that
wouldn’t make this solution much shorter.

First Solution*®

We’ll use the original form of the work-energy theorem. There are two forces acting on the
mass, the ball’s weight and the tension in the string.

Wr = 0 (the tension is always perpendicular to the
path).

Wg is tough. In general, the work is F Ax cos OF ax.
That works if the force is constant and the
displacement is along a straight line. But here, the
angle between the weight and the direction of motion
is continually changing. We must break the path
down into very many very small lengths 6/, find the
work for each displacement, then add them all up.

W, = z gm 8l, cos(0,) = gmz 6l,, cos(0,) gm
n n

We can express the average value of the cosine as

> 6L, cos(6,)
cos(0) ave = - Zn sl &
n n

We’ve previously shown that the average value of the cosine between 0° and 90° is 2/n, and
the sum of the &/n terms is one-fourth of the circle’s circumference, or, /2. Then,

W, = gm (Z 8L, ) (cos(0)ayg) = gm (%) (%) =gmlL .

n

Then,

Wr+ Wy = %mvf2 - %mviz
Wr =0 starts from rest

— 1.2
gmL = SMv§

vi= /2gL = /2(10)1.5 =5.48 m/s .
Second Solution

Next, let’s use potential energy.
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Wr = 0 (the tension is always perpendicular to the path
Wg — conservative force, treat as potential energy terms

Set U = 0 at the bottom of the problem

0 =%mvf2 — %mviz + gmy; — gmy;
starts from rest y; set to zero

1 2 _
Ssmvg = gmL

ve= /2gL = 4/2(10)1.5 = 548 m/s .
Much shorter.

Generally, you will find that using potential energy is never harder than finding the work directly,
and usually much easier.

HOMEWORK 6-4

A pitcher hurls a 0.35 kg sportsball around a vertical circular path of radius 0.6 m, applying a
tangential force of 30 N, before releasing it at the bottom of the circle (underhand pitch). If
the speed of the ball at the top of the circle was 12 m/s, what will be the speed just after it's
released?

EXERCISE 6-1

Another classic. Consider a child perched at the top of an
igloo, which we will consider to be a hemisphere of
radius R covered in slippery snow. He starts with an
almost zero speed from the top and travels down the
side. At what vertical distance H from the ground will he
become airborne?

HOMEWORK 6-5
Tarzan swings on a 25 m long vine that was initially inclined at an angle of 25° from the
(downward) vertical. What is his speed at the bottom of his swing if
he pushed off his branch with an initial speed of 3 m/s?

HOMEWORK 6-6
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A point mass block slides without friction on the loop-de-loop track of radius R as
shown. From what height h must it be released from rest in order to make it around the loop

without leaving the track?

Springs

Relaxed Position

=

AX

W e
|
-&Mﬁp I

AN

Let’s next consider our second conservative force. If
I take a spring and simply toss it onto the table, you
may notice that it always assumes the same length,
regardless of whether [ compress it or stretch it before
I toss it. Let’s refer to this as the spring’s relaxed
condition and the length its relaxed length. In order
to stretch or compress the spring, I must apply some
force. In this course, at least for now, we shall
assume that all springs obey Hooke's relationship:
the force necessary to stretch (or compress) a spring
from its relaxed state is proportional to the amount of
stretching (or compression). In more mathematical
terms:

FApplied =kAX .

The symbol k represents the spring constant of the spring, the number of newtons required to
stretch (or compress) the spring one meter, and is given in N/m. A high value of k means that the
spring is stiff, while a low value implies the spring is flexible. Notice that I am using a capital X
to describe the position of the end of the spring; the reason for this should become apparent later

in the discussion.

DISCUSSION 6-7

B

HookesLaw.mp4
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In the figure, we’ve applied ' . _
known forces to three springs Hooke's Relationship
over an admittedly small range

0.4

of stiffness. Is the amount each —_ y =0.1212x - 7E-05
spring is stretched indeed E o3

proportional to the applied IS

force? What property of the % 02 y=0.062x-0.0058
data in the graph would indicate £ o1

that? How is the spring constant oo ' 00156X.+ 00015 .
k found for each curve? Which g Q haziasserit §. PO PR ®

is the independent variable and & 0 0.5 1 15 2 2.5 3

which the dependent variable in Applied Force (N)
this experiment? How should

Hooke’s relationship be

arranged to match the equation of a line?

We need to be a bit careful about signs. The relationship above is the force which needs to be
applied to the spring to stretch (compress) it, and that force needs to be in the direction of the
displacement of the end of the spring. We do not expect this force to be conservative, as it may
be provided by a hand or other such agency. However, we are often interested in the force applied
by the spring to some object to which it is attached. By the third law, this spring force would be
in the opposite direction:

FSpring = — kAX .

However, this is further complicated by our habit of writing down the magnitudes of forces and

adding in the appropriate directional signs as necessary. As a result, I shall write this relationship
this way,

l:‘Spring = (—) kAX
with the minus sign there in parentheses to remind you that the force exerted by the spring is in
the direction opposite to that in which the spring is stretched, but not to be taken literally. You

must determine the correct sign for each specific problem encountered. Occasionally, the 'delta’
is dropped as well, if it is understood that the relaxed position is at X = 0:

Fspring = (—)k X.
One last assumption: unless told otherwise, springs, like strings, will be considered to be massless.
DISCUSSION 6-8
Is the spring force conservative? Can you make a quick argument that it is? Suppose that we

were to stretch the spring from X = 0 to point A. Repeat from X =0 to A to a point B beyond
point A, then back to B?
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Since the force exerted by the spring depends only on the position of the end of the spring X (we'll
assume that the other end is fixed), reversing the displacement back over already covered ground
simply undoes the work done the first time (by flipping the sign of the cosine term), so that the net
work done depends only on the initial and final positions of the end of the spring.

DERIVATION 6-5

How much work is necessary to

stretch (or compress) a spring distance
-1/ X from its relaxed position? We can
use the graphical representation
showing Fon spring @s a linear function
of X with slope k:

We showed above that the work done
by any variable force is represented by
the area under the force vs position
% curve. Since this is a triangle, the area
is one-half the base times the height:

slope =k

1 1 1
WonSpring =§XF = EX(kX) =EkX2

Now we have to do a couple of flip-flops. The work done on the spring is !/2kX?, the work
done by the spring is -!/2kX? (the forces are in opposite directions), and the change in the
potential energy of the spring is the negative of that, or

1
AUSpring = _Wby Spring = _(_Won Spring) = +5 kX?,
UX) — U(0) = +§ kX2 .
It would seem extremely convenient to make U(0) = 0, so that
Uspring(X) = +3 kX?
Spring 2 .

Note that in this version, we have given up some freedom again. We will be assuming the spring’s
potential energy is zero when the spring is relaxed. Do we have to do this? No, but things will be
much easier if we do. We will also see that maintaining this zero of potential energy supersedes
our choice of where to make the gravitational energy zero, again for mathematical exigency.
Also, note that the potential energy of a spring depends on the square of the extension or
compression. That is, for U(X), it really doesn’t matter if we make compression or extension

positive or negative; the potential energy increases either way.

EXAMPLE 6-5
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Consider the frictionless surface shown. On the left is an ideal spring of constant k = 30 N/m.
A mass of 5 kg is pushup against the spring, compressing it 0.2 m. When the mass is released,
it is pushed to the right, slides across the surface, and travels up the incline. What is the mass’s

altitude yr when it stops?
y — v
X

There are three forces acting on the mass at one time or another. Use the work-energy theorem.

Wn = 0 (the normal force is always perpendicular to the path).
Wsp — conservative
W; — conservative

Let’s define y = 0 to be at the bottom of the problem. Then,

WNC = AK"‘ AUg + AUSp )

0= %mv? — %mviz + gmys — gmy; +%ka2 —%kXiz
stops starts from rest y; = 0 spring is relaxed

kX 30(0.2%)
2gm  2(10)5

gmy; = %lez - yp= =0.012m

This illustrates why I used X; it represents the location of the end of the spring, not the location
of the mass.
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EXAMPLE 6-6

Show that an object of mass m .
moving at speed vo across a Y
rough horizontal floor will

slide a distance s = (Vo)*/2kg. Frg

There are three forces acting
on the object. Consider the s
work each does. gm

W~ = 0 (the normal force is
always perpendicular to the
path).

Wg — conservative

Wf = Fr s cosOF,s. We need to find the frictional force, which unfortunately requires a trip
back to Newton’s second law land. Although the result here may seem obvious to you, it is
important to actually show the effort. From NII in the y-direction,

+Fy—gm=ma, =0 - Fy=gm

y
Fek = ugFn = pggm .

Since the displacement and frictional forces are in opposite directions, we’ll be taking the
cosine of 180°, so

W = (uggm) s (—1) = —puggms .

The work-energy theorem then results in

1 1
—pggms = Emvr; - EmViZ + gmyr — gmy;
comes to a stop Y =Yi

Finish up with

_ 1.2
Hk8S = 5 Vo

Vo

s = )
2ukg

HOMEWORK 6-7
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Two identical massless springs of
constant k = 400 N/m are fixed at
opposite ends of a level track, as

shown. A 12 kg block is pressed I 5
against the left spring,
compressing it by 0.3m. The block is then released from rest. The entire track is frictionless
except for the region of length 0.2 m between points A and B, where ux = 0.08. What is the
maximum compression of the spring on the right?

HOMEWORK 6-8

Consider a 13 kg block sitting at rest on a rough

surface. The coéfficient of friction between the W &e Applied

block and surface is 0.7. The block is barely
touching a relaxed spring of constant k = 300
N/m. How much work would a hand or other such agency need to do to push the block very

slowly 0.2 m against the spring?

HOMEWORK 6-9

The 10 kg mass is released from rest at a
height of 1m above the floor. If the kg
coéfficient of kinetic friction between the 5
kg mass and the table is 0.8, what will be the
speed of the 10 kg mass just before it hits the

floor? 10 kg
1m
EXAMPLE 6-7

Let’s look at a problem where it is not a good
idea to make the lowest point the zero of
gravitational potential energy. Let’s drop a
box of mass M onto a vertical spring. How far
is the spring compressed when the box comes
—L_fTy70% S toastop? The figure shows three points in the

T21 process. Because the spring’s potential energy
is quadradic while the gravitational potential
energy is linear, things will go much easier
mathematically if we set the springs relaxed position to be the zero for both. Note then that
the final values for y and for X will be the same. Let’s pick some numbers: yi =12 m; M = §
kg; k=120 N/m.

Yj— —

il
i

Use the work-energy theorem:

There are two forces acting on the box, the weight and the spring force.
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W; — conservative
Wspring — conservative

So, we have that happy situation when Wnc = 0.

0= %mvf2 — %mviz + gmy¢ — gmy; +%kX§ —%kXi2
The box begins and ends at rest the spring is initally relaxed

Remember that yr = X.
1 2
0 = gmys— gmy; +-kyg

This is a quadratic equation, so let’s insert the values now and re-arrange for solution. We’ll
also divide both sides by 20 to make the numbers smaller.

0 = 10(8)y¢ — 10(8)y; +; (120) y7

3yf+4ys —4y; =0

Ve = —hE \/4;(;)4(3)(_4) = +0.67mor—2m .

This time, we want the negative root because we know the final position will be below the y
=0 level.

DISCUSSION 6-9

Why does the equation give us two values? What condition did we impose on the locations of
the box and the end of the spring? What situation does the other root correspond to?

HOMEWORK 6-10
A 0.85 kg bunch of bananas depresses the pan of a spring balance at Wegman’s 3.0 cm when

resting on it. If the bananas were dropped onto the pan from a height of 0.3 m above the empty
pan, how far will the pan be depressed before starting to return upward?

Power

Sometimes, we’re interested in the rate at energy is put into, or removed from, an object, or the
rate at which work is done, the power:

Paove = —
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The instantaneous power is of course

W
Fivst = i,

If we consider forces acting on an object during a short interval of time (and displacement), we
obtain an interesting result:

P _ i W y F Ax cos(Og ax)
wr = Jim === Jim )

) Ax -
= FAl%r_‘n)0 (T) cos(Bgpx) =Fv cos(GF,v) =F-v.
If one joule of work is performed in one second, we say that the power is one watt (symbol W).
There is an alternate unit for power that is still commonly used in the U.S., the horsepower (hp).
The hp has been redefined as exactly 750 W.

DISCUSSION 6-10

What is the power rating of a typical incandescent light bulb?!! What is the power rating of a
corresponding diode light bulb? What is the power rating of the engine in your car? How
many light bulbs could your car engine presumably light up at once?

EXAMPLE 6-8

Suppose you’re late for your next class. You need to run up a flight of stairs as quickly as
possible. What power output is required?

The result depends on the values picked and will of course vary from person to person. Let’s
assume that the floors of your building are 6 m apart (fairly typical for an office building). The
average adult male American masses in at 90 kg. The part no one ever agrees on is the amount
of time required to run up a flight of stairs. Let’s call it twelve seconds. If we can agree that
all of the work goes into increasing the person’s potential energy (he’s running the same speed
at the top and at the bottom), then we have

W AU gmH 10(90)6
P=—=—=>—=——=771W=103hp.

DISCUSSION 6-11

The horsepower was originally defined, loosely, as the power a draught house could supply
while drawing a plough. From the previous result, it appears you could do this job. What’s
the difference between your ability and the horse’s ability to draw a plough?

! This is not the same power that we discussed; it is the rate of conversion of electrical energy to thermal energy.
But, let’s continue anyway.
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EXERCISE 6-1 Solution

Start as usual with a free body diagram. There are two forces acting on the child, his weight and
the normal force.

Wn = 0 (the normal force is always perpendicular to the path).
W; — conservative

So, we have again that Wnc = 0, and
0= %mvf2 — %mvi2 + gmy¢ — gmyj; .

The child starts from rest (or close to it) and
we will set ground level as y = 0. The
problem ends not at the ground, but when the
child leaves the igloo surface at y = H. The
original altitude is y = R, the radius of the
igloo.

0= %mvf + gmH — gmR .

The trouble we have here is that there are two unknowns. We need more information. We might
notice that the child is moving in a circle, and we know a lot about things moving in circles. Let’s
return to Newton’s second law:

mv?

+ gmcos(B) — Fy = ma¢ = -

The radius of the circle is of course R. The normal force goes to zero when the child loses contact
with the surface, and at that moment, v = vr.

mvf

gm cos(0) = R

We may notice that the cosine of theta is H/R, so that

H mvf . 5
— = — - = .
gmo = — gmH = mv{

Returning to the energy equation,

0= %gmH + gmH — gmR ;

3H—R'
2 - )
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SECTION 7 — THE THIRD PICTURE

We've looked at the motions of objects using two outwardly different, but ultimately identical,
points of view: forces and accelerations, and work and energy. We know that they are the same,
since we derived the work-energy theorem using Newton's Second Law and a couple of
definitions. Now, we'll introduce yet another picture which we may, or may not, find convenient
to use on certain classes of problems.

CHEESY EXPERIMENT 7-1

Consider a small toy car sitting on a table at a spot marked ‘X’; we’ll assume the wheels make
its contact with the table frictionless. Observes the car closely. Now, observe the car as it
travels through point X. Is it fair to say that the car possesses some quality or property when
it’s moving through X that it lacks when stationary? How did the car acquire that property?

DISCUSSION 7-1

B

Impulse.mp4

You may notice that the car had the property only after a force acted on it. Indeed, I can also
remove the property by applying a force opposite to the motion of the car. This is sounding
awfully familiar. In fact, we will approach this in a manner very much like the one we used
for work and energy. After the experiment, we agreed to the following:

e There is some quality or property the object possesses when it’s moving through X that it
lacks when it’s stationary at X. Of course, we know that the object possesses kinetic energy
when it’s moving, but we are measuring the transfer of this new property differently, so we
must be transferring something else as well. For want of a better name, let’s call this new
property momentum (symbol p)

e Momentum is transferred into the object by applying a force. However, the force must act
for some period of time. That means that the property is not energy, although clearly
energy was also being transferred.

e Transferring momentum into (or out of) an object is a process; let us call the transfer of
momentum the impulse (J) done on the object. Impulse is not momentum; it is the transfer
of momentum.

e The bigger the force, the more momentum is transferred: as F{, J1. We might even
speculate that J is proportional to F. That would certainly be the simplest relationship
consistent with our observations. We could be wrong, of course; perhaps J ~ F? or F°.
We’ll make the simplest assumption and see if there is a contradiction somewhere in our
subsequent experiments.

e The greater the time interval over which the force acted, the more impulse is provided: that
is, as At 1,J1 .We might speculate that J is proportional to At.

We may perhaps further speculate that, in the simplest possible scenario, J = F At. = Ap.
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DISCUSSION 7-2
Let’s look at the center term of the hypothesis formula above. Which kind of a quantity is
force? Then, what about impulse and momentum? Is the bank account analogy appropriate
here? Can you think of one that may be more appropriate?

As in Section 6, we know that there may be more than one force acting on an object at once, each
with its own effect on the momentum. Let’s start with our guess above and see it we can figure
out what momentum is. This derivation works for constant forces, and as we’ll see, in three
dimensions.

DERIVATION 7-1

JrotaL = Zin - Zﬁn At = (Z ﬁn) At = (m3) At = m(@ AD = m(¥; — ¥,)

n
= mvi— mv; = A(mv) .

Keeping in mind that we required that TTOT AL = Ap, we may perhaps jump to the conclusion
that p = mv. !

Now, because we wrote this derivation in terms of vectors, and because we know that if two
vectors are equal, then their x, y, and z components must independently be equal, we can treat
these problems with momentum as three separate problems, one with the x-components, one
with the y-components, and one with the z-components.

DISCUSSION 7-3

In the derivation above, we stipulated that the forces should be constant in time. This allowed
us to make use of kinematic equation 1: vf = vi + at. How would you deal with a situation in
which forces are not constant in time?

DISCUSSION 7-4

It is useful to remember that these quantities, such as momentum or energy, are ones that we
have defined. Is momentum a real thing? What about energy?

HOMEWORK 7-1

What is the ratio of the magnitude of the momentum of a 3kg mass moving at 3 m/s to that of
a 2 kg mass moving at 4 m/s? What is the ratio of the respective kinetic energies? NOTE:
You should find that one of the objects has more momentum, while the other has more kinetic
energy. How is that possible?

! As always, we could be wrong and perhaps p = mv + K, where A is some constant that subtracts out when we find
the change in p. For now, let’s assume the simplest case that A = 0.
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HOMEWORK 7-2

Show that the kinetic energy of an object can be written in terms of the magnitude of the
momentum as K = p?/2m.

EXAMPLE 7-1

A constant force of 14 N acts on an initially stationary object (mass 6 kg) for 8 seconds. If this
was the only force acting on the object, what is the impulse? What is the final speed of the

object?
Call the direction of the force the +x direction.
TTOTAL = FAt= 14(8) = 112 Nsin the + x direction .

Note that, unlike for work/energy, there is no special unit for impulse/momentum. Typically,
impulse is newtons seconds, while momentum is kilogram meters/second.

Then,
JroraL = Ap = mvy —my; ,

T 112
]T(EEAL = 0+ - = 18.7 m/sin the + x direction .

—_ —_

V= Vv;+

HOMEWORK 7-3

Suppose F(t) shown in the figure is the net force acting
in the +x direction on a particle of mass 2kg. Find

a) the impulse imparted to the object by the force. 4
b) the final velocity of the object if it had been
originally at rest.

c) the final velocity of the object if its initial x velocity = 2—f—
had been -2 m/s.

1 e

|
|
34

i sec

Lo
—
ot [

As mentioned several times, each of our ‘pictures’ is especially well suited to solving a particular
type of problem. Newton’s second law and the kinematic equations were useful when the forces
were constant. The work energy theorem was useful when there were no non-conservative forces
doing work (mechanical energy was conserved), and had the advantage of not requiring us
necessarily to know the path taken by the object of interest or the time that the trip required. In
some special cases, the momentum picture is very useful for examining collisions. A collision is
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when two or more objects interact with one another. They do not need actually to touch one
another, as we may think about, say, automobile collisions. They may exert other forces on each

other, whether gravitational, electric, nuclear, ef c.

Before we start, let’s define a system. You may

called internal forces. An open system is one for

o ) . . r 71
be familiar with this term from chemistry. A |
system is just the collection of objects in which '
we are interested. A closed system is one for | |
. . . Fi o 3 |
which the only forces acting on the objects are | < m my —-215 |
due to other objects in the system; these are | | |
)
|
| I

which some force or forces are due to agencies
not included in the system; these are of course
external forces. We can mentally draw an

imaginary box around the system; any force that crosses the box’s boundary will be an external
force. In the figure, the system comprises mass 1 and mass 2. The force exerted on 1 by 2 and the
force exerted on 2 by 1 are internal forces. Their weights, however, are exerted by the earth, which
is not in the box; the weights are therefor external forces.

As usual, let’s start with a simple case, then generalize.

DERIVATION 7-2

Consider two objects, m1 and ma, each with its proper initial velocity, v ;and V,;. When the
objects interact, they exert forces on each other that obey Newton’s third law:

Fi, =
By the second law,

m;a; =

- F2,1 .

- mzaz .

Careful here. Because the statement above is true instant by instant, it must also be true when
averaged over the duration of the interaction between the masses, so we can write

Miadpyg1 = — Madpvg2 -

Note that at this stage, we lose a lot of information about the forces involved. Remember the
definition of the average acceleration and substitute:

AV,

AV,

m—= —my—".
LAty Z At,

We can make an argument using the third law that the two time intervals must be the same; if
they were not, then there would be a time when one object would be exerting a force on the
other while the other would not be exerting a force on the one.
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mlAvl = — mzAVZ

myVif — MyVy; = —MyVap + MyVy

myVy; + MyVa = MyVir+ MyVye
At this point, we might recognize a relationship similar to one we saw in Section 6. The total
momentum of the system before the interaction is equal to the total momentum of the system
after the interaction. Momentum may well have been transferred from one object to the other,
but the total momentum was conserved. Unlike energy, though, momentum does not change
from one form to another, e.g., from kinetic to potential.
For future reference, let’s write this last expression as

my Vi + MyVpe — MyVy; — MyVy = AProrar = 0.

Before we continue, a number of comments.

What if, in our derivation, there were an external force? Let’s redo the work with an external force
acting on mass 1 as an example. It would still be true that

ﬁ1,2 = _ﬁ2,1 .
But by the second law,
Fipxr + Fi2 = mia,; ,
so that
— Fipxr + myd; = —mya, .

Following through to the end, we see that

— Fypxt + Myagyg1 = — Maapyg?
B N Av, Av,
1,EXT 1AL, 2 AL,
- Fl,EXTAt + mlAvl = — mzAVZ

— FyexrAt+ myvy; + myvy = myvye + myvye .

Fi gxtAt = AproraL # 0
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and the total momentum is not conserved. We do not expect the total momentum of a system to
be conserved if there are external forces.

However, there are two loopholes. The first, in analogy with the work energy theorem, is that
momentum will still be conserved if the net external force is zero, that is, if the external forces
happen to cancel to zero.? The other loophole is more common. Because we used vector notation,
the derivation is valid for three dimensions. But remember that when two vectors are equal, their
X, y, and z components are also independently equal. This means that the result can be written as
three separate equations:

My Vigi + MpVoyi = MyVige + MpVoys
myViyi + MpVoyi = MyVige + MpVoyr
M Vyz + MpVyy = My Vi + MpVoys .

Suppose that there are some external forces in the x direction, but none in the y or z directions.
Then, we can still use conservation of momentum in those two directions. As an example, think
of two skydivers falling toward the earth. If the system is the two divers, there are external forces
in the vertical direction (their weights), but none in the horizontal directions. Momentum will still
be conserved horizontally in any collision the divers may suffer.

0O.K., we are actually in a position to test the idea of conservation of momentum, and Newton’s
third law as well (remember that we skipped on that in Section 5) since our notion was based on
Newton’s second law (already tested) and the third law.

EXPERIMENT 7-1
Let’s look at the results of an

experiment to give us some Conservation of Momentum
confidence this is true. A

> 0.4
system of two masses were & 03 o
placed on an airtrack to reduce =~ 02 o?
frict.ion (an external force) and E o1 .0
collided together under 3 L@
d1ff§rent COl‘ldlthIlS.. The g-o.e 04 02 .--:b‘i 0 0.2 0.4
vertical forces of weight and S e
air from the track should not E I ad 0.2 y =0.9837x - 0.0015
affect the horizontal motions. © P 03
The velocities before and after = o’ 04
were measured, and the total 3 » 05

2 Total Initial Momentum (kg m/s)

momentums before and after
calculated and plotted. If
conservation of momentum is true, a line of slope one through the origin should be seen. In these

2 A simple analogous situation for work-energy might be to push a crate parallel to the surface on which it moves
while balancing a kinetic frictional force.
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results, the intercept is very small compared to the values measured, and the slope is very close to
one. This gives us some confidence that linear momentum is conserved, and indirectly, that the
third law of motion is supported.

DERIVATION 7-3*

What if there are more than two masses in the system? Well, suppose that there are q masses.
For each mass n, add up the k impulses acting on it.

:E:ka:: Aﬁn
k

Add up these terms for all q masses:

q q
> Y Tnk= ) ABn= BBrora -
n=1 k n=1

We can divide the impulses on the left into two categories, internal and external, in the same
way we divided forces into conservative and non-conservative forces. Keep in mind that any
object in the system won’t exert a force on itself.

a q a
Z Z JiNTnx T Z Z JExTnk = AProTAL -
=1 n=1, k
i

n=1k

The second term on the left side is just the sum of the external impulses, so let’s concentrate
on the first term. Since ] = F At,

20

n=1

Aty x + Jexrrorar = APTOTAL -

bt
HIIMQ

Now, Atax = Atkn is the time interval during which objects n and k interact; by our third law
argument above, these time intervals are equal and indeed occur simultaneously. From the

third law, Fn K= — Fk n»> and so we see that all of the terms in the summation cancel in pairs,
leaving

Jext rorar = AProTaL -

Brief Review

Let's review the three pictures:
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e The velocity of an object will remain constant unless the object is acted on by a force, in
which case FrotaL = ma.

o The kinetic energy of an object will remain constant unless the object has work performed
on it, in which case WrtotaL = AK.

e The momentum of an object will remain constant unless the object is acted on by an

impulse, in which case Jrorar = Ap.
These last two we can re-write for systems of objects:

o The total mechanical energy (E =K + U) of a system will remain constant unless the system
has work performed on it by non-conservative forces, in which case Wnc = AETOTAL.
e The total momentum of a system will remain constant unless the system is acted on by an

external impulse, in which case Jext = ApToTAL.

Collisions

As was noted above, conservation of momentum is particularly useful in analyzing collisions. You
may have noticed that, in Derivation 7-X, the details of the forces acting between the objects
disappeared, which is one of the strengths of this method. We don’t even need to know what kind
of force acted on the objects! It is somewhat along the lines of having an object slide down along
a curved frictionless surface; the details of the path were not necessary to find the speed of the
object at the bottom.

We’re going to consider only the extremes of the spectrum of collisions. The easier of the two is
the completely inelastic collision, one in which the objects stick together after the collision. Let's
start by considering a simple situation in one dimension in which there are no external forces (that
is, the only forces are those that each object exerts on the other):

EXAMPLE 7-2

An object of mass 5 kg is moving at 7 m/s along the +x axis when it strikes a stationary object
of mass 3 kg. If they stick together, what is their common final velocity?

First of all, for a problem like this one, it’s convenient to revert to the notation we used in
Sections 2 through 5: a vector in the +x direction will carry a positive value, while one in the

-x direction will carry a minus sign.

Assuming the two masses form a closed system, conservation of momentum seems
appropriate.

My Vg T MyVoyi = MyVigr + MpVoxf .

They have a common final velocity, or, if you prefer, it’s as if they are now one object of mass
m; + m2 moving at velocity vr.

My Viy + MyVpy = (Mg + mMy)Vys .
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G = My Vigi + MyVoy _ 5(+7) + 3(0)
xf m; + m, 543

= +4.38m/s.

EXAMPLE 7-3

An object of mass 12 kg is moving at 5 m/s along the +x axis has a rear-end collision with an
object of mass 3 kg travelling at 4 m/s. If they stick together, what is their common final
velocity?

First, what does rear-end collision mean? It’s an expression from automobile collisions
meaning that the two objects were moving in the same direction. A head-on collision would
be one in which they were heading in the opposite directions.

Assuming the two masses form a closed system, conservation of momentum seems
appropriate. Also, because they have a common final velocity,

m;Viy + MyVoy = (Mg + My)Vye .

~ My Vi + MyVyyy  12(+5) + 3(+4
1Vixi 2Vaxi _ (+5) + 3( )= +4.8m/s.
m, + m, 12+3

Vyf =

EXERCISE 7-1

An object of mass 6 kg is moving at 4 m/s along the +x axis has a head-on collision with an
object of mass 3 kg travelling at 8 m/s. If they stick together, what is their common final
velocity?

HOMEWORK 7-4

Three masses of 6 kg, 7 kg, and 2 kg
move on a frictionless horizontal

. 2 m/
surface with initial speeds of 4 m/s, 2 4 még ‘%ﬂ : 3 mis
m/s, and 5 m/s, respectively, as -
shown in the figure. If the masses all
stick together after the collisions, 6 kg Tkg 2 ke
what will be the final velocity of the

combined mass?

HOMEWORK 7-5
Two railcars have a head-on collision, couple together, and stop dead. If Car A was moving
four times as quickly as Car B was, and the total mass of both cars together is 90,000 kg,
what are the masses of each car individually?

DISCUSSION 7-5
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Consider the result of Exercise 7-1. We ended up with no momentum because we happened
to start with no momentum. Sure, each object had some momentum of its own to start, but the
total was zero. You may notice, however, that there is something else that we ended with zero
of, but started with a positive amount of. What is it? Where did it go? Consider an automobile
accident. What do the cars look like afterward and what was necessary to make them that way?

In Exercise 7-1, the objects started with 144 joules of kinetic energy, and ended with none. One
of the characteristics of totally inelastic collisions is that kinetic energy is lost.

EXERCISE 7-2
Find the total initial and final kinetic energies in Example 7-x.
DERIVATION 7-4

Show that kinetic energy is always lost during the special case of a totally inelastic collision in
one dimension when one of the objects is initially at rest. We’ve already shown that

- myViyi + MpVoy; o My Vi

Vxf = Vxf = .
m; + m, m; starts at rest m; + m,

Now we need to show that

1 2 1 2 1 2
My Viyi+ =My Vo > -(my + my)vyy ———
2 1YIxi T 2 zxi 2( 1 2)Vxt m, starts at rest

2
M4 Vi
1 2 1 1Vixi
~myVi, > -(m; + my) (———) .
2 2 m; + m,

my

2 2
myViy > my Vixi

m; + m,

This leads us to the true statement that

my
1> —,
m; + m,

which is equivalent to saying that kinetic energy is always lost in this very special case.
DISCUSSION 7-6

The previous derivation was done for a very special case of one of the masses being initially

at rest. After completing Section 7, you should be able to return here and make an argument

that kinetic energy is lost in any totally inelastic collision regardless of the initial motions of
the two masses.
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Let’s examine a particular situation. Suppose that a bullet is fired into a block of wood. The bullet
penetrates a given distance into the block, and the block of course moves a bit in the direction the
bullet was moving. The bullet applied a force to the block and the block applied an equal though
opposite force to the bullet. The bullet did positive work on the block, and the block did negative
work on the bullet. However, the displacements of each object were not the same during this
process, and so more negative work was done on the bullet than positive work done on the block.
As a result, kinetic energy was lost.

EXAMPLE 7-4
Let’s try a two-dimensional example. Suppose you are an insurance
Nly % accident investigator. Two cars collided at an icy intersection as shown,
and the wreckage moved off at an angle 59° north of east. You know
— E that Car One (1500 kg) was moving eastward at 30 m/s just before the
Car One ot collision, because it was caught on a speed camera. The question is,
ar rwo

how quickly was Car Two (2000 kg) moving?

We’ll let the system comprise the cars. The road is icy, or frictionless,
so there are no external horizontal forces. The vertical normal forces and weights will not
prohibit conservation of momentum in the horizontal directions. Let east be the +x direction
and north be the +y direction. Use conservation of momentum separately in each direction.

X: MVigi + MyVay = (Mg +my) vyr
Y: MyViyi + Myvey = (Mg +my) ve
In this solution, viyi and vaxi are both zero, and vxt = v cos(0) and vyt = vt sin(0).
m; Vi = (my + mjy) vecos(6)
m,v,y; = (my + m;) vesin(6)
Divide the second equation by the first to obtain

my Vyxj

Then,

m 1500
Vaoyi = m—l Vi tan(0) = M(BO) tan(59°) = 37.4m/s.
2

Now, let's consider a totally elastic collision, by which we mean no kinetic energy is lost during
the collision (although, it can be transferred from one object to the other). Think of the objects as
having springs on them; instead of kinetic energy being used to deform the objects, some kinetic
energy is stored as potential energy, then re-released as kinetic. For reasons that will be discussed
later, this derivation will be applicable to problems in one dimension only.
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DERIVATION 7-5
We will write one equation representing conservation of momentum (in one dimension only)
and another representing the fact that the total kinetic energy is the same before and after the
interaction.
My Viyi + MyVoy = MyVigr + MpVoye
1 2 1 2 _ 1 2 1 2
oMy Vi + SMaVoy = S My Vi + S MpVoye
Typically, we are given the masses and initial velocities and are asked to find the final
velocities. Since we have two independent equations and two unknowns, we should be good.
One solution should be obvious: vixi = vxir and vaxi = vxef; the equations require merely that K
and p be conserved, which is certainly the case if no collision actually occurs. However, finding
the other, more interesting, solution requires about two pages of effort. So, what we’re going
to do is what physicists often do when a problem is too difficult; we’ll look at a special case.
Here, we’ll simplify the problem to require that mass two is initially at rest. Of course, the
results we obtain will be valid for only that situation. Our two equations become
MyViy = MyViy + MyVoyg
1 2 2 2
5 My Viy = S Vige + S MyViyy
Reverting to our Section 2 notation, this first equation can be rewritten as
MyVoyr = MqViy — MyVige = My (Viy — Vige)
and the second as
2 _ 1 2 2
%m2V2xf = oMy Vixi — %m1V1xf = %m1 (Vixi = Vaxf) (Vixi + Vixe) -
Dividing the second equation by the first and multiplying through by two results in
Voxf = Vixi t Vixf »
which we substitute into the original momentum equation.

MV = MyVige + My (Vigi + Vige)

Solving for the final velocity of mass one gives us

m; — m,

Vlf: Vl‘.
X my+m, M
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If instead, we substitute to solve for the final velocity of mass two, we get

2my

Voxf = —————Vixj -
2xf m1+m2 1xi

Once again, remember that these solutions are only valid if one mass had been initially at rest, the
collision was totally elastic, and motion was restricted to one dimension. To be clear, you should
label whichever mass was not initially moving as mass two. If you encounter this type of problem
in a homework or exam question, you may move directly to these two relationships as your starting
point.

EXAMPLE 7-4

An object of mass 12 kg moving at 5 m/s along the +x axis has a totally elastic collision with
a stationary object of mass 3 kg. What are their final velocities?

As allowed above, we will start with the two relationships we derived. The solution becomes
‘plug-and-chug.’

m1 - mz 12 - 3
Vixf = mlei = 12+35:3m/s
2m, 2(12)
Voxf = mlei= m5= 8m/s

EXERCISE 7-3

An object of mass 7 kg is moving at 10 m/s along the +x axis has a totally elastic rear-end
collision with an object of mass 4 kg travelling at 3 m/s. What are their final velocities?

What if neither mass had been at rest? Well, we could go back and re-do the derivation with the
two extra terms, but here is a neat trick: we can make use of the material of Section 4 (relative
motion) and pick a new frame of reference (indicated below by a prime) in which mass 2 is initially
at rest, calculate the final velocities in that frame, then convert back to the original frame.

Let’s use the previous Exercise as an example. For the observer who described the problem, Mass
1 is moving in the +x direction at 10 m/s before it hits Mass 2 moving the same way at +3 m/s. If
we were passengers riding alongside Mass 2, we would of course think that Mass 2 is stationary
and see Mass 1 approaching us from behind at 7 m/s. From our point of view, the relationships
derived above would be perfectly O.K. to use. Then, we need only calculate what the original
observer sees.

EXAMPLE 7-5

I'like to keep track of this process with a chart. It also makes the process somewhat mechanical,
and thereby less susceptible to mistakes. The information for each mass runs horizontally in
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the rows. The first column contains the original values for each mass’s initial velocity. The
third column contains the initial velocities in the new frame of reference; the initial velocity of
Mass 2 here must be zero. The second column is the process that changes the values. We ask,
what must be done to M2’s initial velocity to make it zero? In this case, we must subtract 3
m/s.

Vinitial  |convert to new frame in which vaxi' = 0 |vo'
M +10 m/s
M2 [+ 3 m/s |Subtract 3 m/s 0 m/s

Of course, if we subtract 3m/s from M2’s velocity, we must do the same for Mi:

Vinitial convert to new frame in which vaxi' = 0 |vo'
Mi [+10 m/s |Subtract 3 m/s +7m/s
M2 | +3 m/s |Subtract 3 m/s 0 m/s

Now we have a problem we can solve. Use the relationships derived, we can find the final
velocities in the new frame of reference.

vi |convert |vi Find v¢
' _ml_mz ' _ 7_4'7_191
V0 T e T T, Ve T g = 19Ims,
Mm/s m/s
, . 2my 2(7)7_ 8.91
M2+3 4 0 szf_m1+mzlei_7+4 = 891 m/s.
m/s m/s

We’re not done, because we need to convert back to the original frame. We do that by
reversing the transformation that we did previously, in this example, by adding 3 m/s to the
results.

convert back to original
vi |convert vi' Find vy frame by reversing the  |vf
previous transformation
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ml_mz 7_4‘

!

b0 . b T mEm T Teg
Mo =191m/s. +3 491 m/s
Mo 03T T e m, KT 744 43 11.91 m/s
= 891 m/s.

Before I give you an exercise to try, let’s do another short derivation. To be honest, I have never
found the result of this to be useful, except as a quick check of my results for the chart solution.
I’ll show you what I mean in a moment.
DERIVATION 7-6*
Here is an additional interesting derivation for a totally elastic collision. Here, we do not need
to assume that ma is initially at rest. That is, the result is valid for any one-dimensional totally
elastic collision.
We start with the conditions for conservation of momentum and kinetic energy:
MyViyi + MyVayi = MyViye + MyVaxs
1 1 _ 1 2 1 2
2—m1foi + gszgxi = oMy Vixe + 5 MpVoys -
Let’s re-arrange each:
my (Viyi — Vixe) = My (Voxs — Vaxi)
my (Viyi = Vax) (Vixi + Vixe) = Mz (Voxs — Vaxi) (Vox + Vaxi)
Dividing the second equation by the first leaves
Vixi T Vixf = Voxf + Voxi -
So if the chart solution was done correctly, we find that the sums of the masses’ initial and final
velocities should be the same. For example, 10 +4.91 =3 + 11.91. You can use this as a quick
check on your answers. An agreement won’t guarantee you’re correct, but a failure will tell you

if you’re wrong.

HOMEWORK 7-4
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A 10 kg object initially moving to the right at 20 m/s makes a totally elastic head on collision
with a 15 kg object which was initially moving to the left at 5 m/s. Find the final velocities of
each object.

HOMEWORK 7-5

A 10 kg object initially moving to the right at 20 m/s has a totally elastic rear-end collision
with a 15 kg object which was initially moving to the right at 5 m/s. Find the final velocities
of each object.

JUSTIFICATION OF ASSUMPTIONS*

In the method discussed above, that is changing to a new frame of reference to solve our
problem, we assumed that if momentum and kinetic energy are conserved in one frame, that
they are conserved in the other frame. We need to justify those assumptions. It’s not too
difficult for momentum. Let’s bite the bullet and do it for three dimensional collisions. For
the original frame, we can rewrite the momentum equation as

myVyi + MyVy; — MV — My =0 .

Let u be the velocity of the first frame relative to the second frame. Then in that new frame
we ask if,

my (Vi +0) + my (Vo + 1) — my(Vyp + 1) —my(Vyr +1) =0 .
Re-arranging a bit results in
(M Vy; + MV — myVig —myVy) + (Mg +my, — my —my)u=0 .

The first term is zero from our knowledge of the initial frame, and the second term is clearly
zero, and so momentum is conserved in the new frame. Since there was no restriction put on
u, momentum is conserved in every possible frame if it is conserved in any one frame,
regardless of the type of collision.

Kinetic energy is a bit more difficult because we deal with the
objects’ speeds, not their velocities. Let’s review a bit.

Suppose we add two vectors, Aand B, that are not in the same
(or opposite) directions and want to know the magnitude of
the sum, |K + §| Draw K, E, and their sum C so as to form a
triangle. The law of cosines tells us that®

C2= A’ + B2 +2ABcosBup = A2+ B2+2A"B.

3 The angle is defined differently here than is usual. It is the exterior angle rather than the interior angle, which leads
to the difference in sign.
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Note that this is a general statement that reduces to the Pythagorean theorem when theta is 90°.
Now, in our original frame of reference, let’s assume that kinetic energy is conserved during
the collision. We can write

%m1V%i + % m,v3; — %m1fo - %szgf =0.
In the new frame, we’d like to know if
1 S =121 = =12 _ 1 S =12 _ 1 S =12 —
5m1|V1i + ul +§m2|V2i +ul — §m1|V1f+ ul® — §m2|V2f+ ul=0.
After multiplying it all out and re-arranging a bit,

1 2 1 2 1 2 1 2 — — — — L=
(5 mqVvy; + 7 MaVoi — My Ve — 5 mzvzf) + (Mg vy + MyVy; — MyVie+ myVye) - U

+%(m1+m2_ ml_mz)uz =0 .

The contents of the first and second sets of parentheses are zero from our knowledge of the
original frame of reference (KtotaL and proraL were conserved), and that of the third is clearly
zero, and so if the kinetic energy is conserved in any frame, then it is conserved in every frame.
We can return to Derivation 7-4 and generalize the result: if kinetic energy is lost during a
collision in one frame, some is lost in any frame, including any in which both objects were
initially moving.

This is going to be an important point in Physics Three.

While we’re here, let’s think about a couple of other considerations that students have asked
about over the years. What about impulse and work in different frames? Suppose a mass has
a force acting on it for a given duration of time. What is the force in a new frame of reference?

FAt = m(T; - %) = m(% — %) + m(@ - 0) = m(@ + 0) - @ + D))
=m(V; — V) = F'At.

So, a force of a certain magnitude in one frame of reference has the same magnitude in any
other frame of reference, as does the impulse.* Knowing that, what can we say about the work
done by a force in two different frames? We certainly expect that the work could be different

because the displacements could be different. The work-energy theorem in the original frame
will be

W=F-AF = %m(vi.?— vE) .

In a new frame moving at velocity U with respect to the original frame, we have that

4 That is, if the time intervals in each frame are the same, which is a characteristic of Galilean transformations. The
problem comes about in relativistic transformations, which we’ll discuss in Semester Three.
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W =F-AF = F-(AF+UAt) =F-AF+F-UAt =W+ F-UAt .

So, fun fact, if the new frame is moving perpendicularly to the force, the work in each frame
is the same. Continuing,

W' = %m(Vrg — v?)+ (FAY) 1 =m(vZ - v2) + mF;—v;) -

2
= %m(v? — vi+2(Ve—V) u+ui— u?)=
%m(lvf-i- ul? = |vi +ul?) = %m(v{:z - vi'z) = AK' .

So, in any frame, the work done in that frame is the change in kinetic energy in that frame, but
certainly not necessarily the same change as in another frame, as we expected.

ADMONITION*

When we discussed totally inelastic collisions, we made the point that we could treat a three-
dimensional problem as three separate one-dimensional problems. You were warned,
however, not to treat totally elastic problems that way. Let’s discuss briefly why we can not
simply use the chart method above three times, one for each direction.

The derivation that resulted in . y
those relationships for the final
velocities required the total x

kinetic energy to be conserved.
To split the solution up into
three separate parts would
require that the contributions to
the kinetic energy due to motion
in any one of the directions
would also need to be
conserved, which is a much stricter requirement. Here is an illustration of a two-dimensional
situation in which this strict requirement would not be met. Consider two masses heading
toward each other that undergo a glancing collision, as shown. Before the interaction, there is
kinetic energy due to the motions in the x-direction and none due to the y-motion. After,
however, the situation is reversed. So the kinetic energy overall is conserved, but it is not
conserved independently in each direction. Consequently, the relationships we have been
using are not valid for anything other than a one-dimensional collision.

DISCUSSION 7-6

Does this mean that it is impossible to solve two-dimensional totally elastic collision problems?
What is the general rule for solving algebraic systems of equations?

We can solve any of these problems so long as we have enough information and patience, although
the solution may be difficult algebraically. Let’s look at two situations.
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Consider two masses that collide totally inelastically in three dimensions. Given the masses and
the initial velocities, can we find the final velocities?

MyViyi + MyVoy = (Mg +my) Ve
myVyyi + MpVyy = (Mg + my) vy
mMyVyz + MyVay = (Mg +my) vye

Three equations and three unknowns; we’re good. In fact, we did a two-dimensional example
earlier.

Consider two masses that collide totally elastically in three dimensions. Given the masses and the
initial velocities, can we find the final velocities?

My Vigi + MpVoyi = MyVige + MpVoys
mqViyi + MyVoyi = MyVige + MyVoyr
My Vyzi + MpVyz = MyVigp+ MyVoye

1 2 2 2 1 2 2 2
Z_ml(lei + vy + vi) + My (Vixi + Vayi + V3s1)

_ 1 2 2 2 1 2 2 2
= 2—m1(V1xf + Vigr t+ vig) + M, (Vigs + Voyf + Vi)

Here, unfortunately, we have six unknowns, but only four independent equations. We need more
information.

EXAMPLE 7-6
Let's look at a very special case, that of the masses being equal and mass two initially at rest.
This can be made into a two-dimensional problem, since all of the momentum vectors line in
a plane (you had a question on Sample Exam One along these lines). We’ll write the equations
for conservation of momentum (in vector form) and kinetic energy.

myVy; = MyVye+ MpVye = Vi = Vip+ Ve

1 2 _ 1 2 1 2 2 _ 2 2
SMyViy = sMyVip+ cMpVye = Vi = Vip+ Vi
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The first equation says we can make a triangle with the
velocity vectors like the one at right, and the second,
which looks a lot like the Pythagorean theorem, is only
going to be true if the triangle is a right triangle, so that
v1r and Vv, are at right angles to one another, a nice result.
Notice however, that this does not give us the actual
directions or magnitudes of the velocities; to know those,
we need more information.

EXERCISE 7-4

Here is a nice synthesis problem. It requires you to choose
which of the three 'pictures’' we have developed to use in
each section. Keep in mind that the three pictures are
essentially identical, but that one may be much more
convenient to use than the other two in a given situation.

my

k2

B

A 0.2 kg block (m1) is released from rest at the top of a
frictionless, curved track 1.5 meters above the top of a 1.1
meter high table. At the bottom of the track, where it is
horizontal, this mass collides elastically with a 0.8 kg mass
(m2) that is initially at rest. How far from the base of the table does the 0.8 kg mass land?

HOMEWORK 7-6

The ballistic pendulum is a device used to
measure the muzzle velocity of a bullet. A
block of wood of mass M is suspended by a
string from the ceiling, and the bullet of mass

m is fired horizontally into it. As the block M| =n
moves backward with the embedded bullet, it v, A
swings upward to some maximum height.> If —® - — - — - r =0

the bullet has mass 2 g, the block has mass 2.5
kg, and the block/bullet combination rises through a vertical distance of 6 cm, find the initial
speed vo of the bullet.

Outside the Safety Zone*

Calculus-based textbooks often wrap this section up with the rocket equation. But we won’t
need calculus because we’ve already solved the pertinent equation in Section 5. So, let’s
concentrate on the physics instead.

DERIVATION 7-6*

5 When I was much younger, I taught at a school out west where this was actually done with a .22 in lab class.
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Consider a rocket of mass M Tri Peps epr_

. e < >
travelling past a planet at
. — . . Fuel  Rocket ~AM Rocket
velocity vrp. At that time, it o b iy
M+ (-AM) Exhaust

has just ejected some exhaust
(burnt fuel, mass = -AM) at a

velocity VER relative to itself
and at velocity VEp = VER + VR, e ===

relative to the planet. Next

comes what I think is the really tricky part: the mass of the rocket changes by amount AM,
which is a negative quantity, but the mass of the ejected exhaust is must be positive, so -AM.
Let’s make use of conservation of momentum, while ignoring gravity, from just before fuel
ejection to just after. During that process, the rocket’s velocity increases by amount AVR.p.
Let’s make ‘to the right’ in the figure be positive.

(M + (=AM))Vg p; = Mvg pg + (—AM)VE p¢
(M + (—AM))vg p; = M(Vrp;i + Avgp) + (—AM) (VR pi — VER)

We can cancel out quite a few terms, and let’s drop the ‘initial’ subscript:
0= MAVR'p + AM VER,

AM _ 1 M
Avgp VER '

We would like to make this process happen continuously, so we’ll take the limit as Avr,p —0,
which if nothing else would give a smooth ride to the rocket’s crew.® Remember that we
worked out that the solution to such an equation,

AP _cp
VRllgr—‘l)OA_q o !
1S
P(Q) = Poqu ’
so that
V-V,

M(v) = Moe VER .
Here, Mo is the mass of the rocket and all of its fuel at the start of the problem when its speed
is vo, and M is the mass of the rocket and its unexpended fuel when the speed is v. It looks a

bit strange perhaps because there is no explicit time dependence.

EXAMPLE 7-6*

¢ Unlike Project Orion.
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The spaceship HMCSS Clark is “at rest’” and fully fueled at Space Station TALC. Her mass is
2x107 kg, with all but 2 per cent of it fuel. Her engine expels exhaust at 3 km/s. What
maximum speed can she attain relative to Station TALC?

Starting with our previous result, re-arranging, and setting M = 0.02 Mo,

V-V,

M 1
M(v) = M,e VEP - V=V, + VE,RIHVO =0+ 3000 lnm = 11,736 m/s .

HOMEWORK 7-7*

In a severe pinch, Space Force decides to utilize Lenkflugkérper NG missiles to defend earth
from the Jovian attackers during a deep space battle. The missiles themselves have a mass of
3 kg and contain an additional 22 kg of fuel with an exhaust velocity of 465 m/s. They must
reach a speed of 700 m/s relative to the launching space vessel. What is the largest payload
that could be attached to one?

EXERCISE 7-1 Solution

Assuming the two masses form a closed system, conservation of momentum seems appropriate.
Also, because they have a common final velocity,

My Vg + MyVoy = (Mg + mMy)Vys .

My Viyi + MyVoy _ 6(+4) + 3(-8) _
m; + m, 6+ 3

Ve = Om/s.

EXERCISE 7-2 Solution
Ki = smyvii+0 = 25 (72) = 1225]
K = %(m1 +my)vE = %8 (4.38%) = 76.7 ]

EXERCISE 7-3 Solution

Are your answers 3 m/s and 8 m/s? Did you confirm that the problem meets the criteria for using
the two relationships derived in class? Does it?

EXERCISE 7-4 Solution
This problem has three parts. There is mi sliding down the incline. There is the collision. There is

the trajectory of mz as it travels toward the floor. Each of these is best treated with one of the three
pictures we have discussed.
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As mu slides down the ramp, it is acted on by a normal force and by its weight. There is no friction.
We have no details about the actual shape of the ramp, and apparently we do not care how much
time it takes for the mass to reach the bottom of the ramp. This looks like a job for work-energy!

Wn = 0 (the normal force is always perpendicular to the path)
W; — conservative

_ 1 2 1 2
0= -myvi— -myVvi+gmyr— gmyy;
starts from rest

Let’s put y = 0 at the foot of the table. We want to find v, the speed of mi just before the collision.

1
0= 2vi+agyr— gy

ve =+/28@y; — yp) = /2(10)(2.6 — 1.1) = 447 m/s.

The second part of the problem is a collision, and that screams for conservation of momentum.
During the interaction between the masses, they are moving horizontally with no external
horizontal forces acting on them. There are vertical external forces (the weights and the normal
forces from the ramp), but that doesn’t preclude conservation of momentum in the horizontal
direction. Because it’s a totally elastic collision in one dimension with mass 2 initially at rest, we
can jump right to the relationships we derived for just such a situation:

v =£v = M447=179m/s
2 i+ m, M 02408 ' '

The last part of the problem is projectile motion. Let’s put the origin at the foot of the table, with
+x to the right and +y upward. Our inventory is

xi=0m

Xr= 7«

vxi = +1.79 m/s
vxt=+1.79 m/s
ax = 0 m/s?
t=2?

Since there is not enough information on the x-side, we need to look to the y-side and try our
80% Rule.

yi=1.1m

yf=0m

vyi = 0 m/s (the ball was travelling horizontally as it left the table)
Vyf = ?

ay = -10 m/s? (we chose upward to be positive)
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1
Vi = Yi+ vyt + sapt?

This will become a quadratic equation in t. Inserting the numbers and re-arranging to the
standard format leaves us with

G)t2+ (0O)t+ (-1.1) =0,

which, it turns out, we can solve directly:

1.
t=+4 |— = + 0.47 seconds .

Take this back to the x-side to find xr.

Xf = X; + Vgt + %axtz =0+ 1.79(0.47) + 0(0.47?) = 0.84 m .
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MULTIPLE CHOICE (4 pts each)

Sample Exam III

1) According to statistical data, the probability that an occupant of an automobile suffers a lethal
injury during an accident is proportional to the square of the speed of the car (i.e., to the KE!).
If the probability of death is 3% at 50 mph, what is the probability of death at 75 mph?

2)

3)

A) 3% B) 4.5% C) 6.8% D) 9%
Consider two identical

boxes being pushed very

slowly up frictionless ramps, Person A

one gentle, the other steep.
Compare the amount of
work each person does in
pushing his box up his ramp. ~
Assume the applied forces
are each applied parallel to
the respective ramp.

A) A does more work than B.
B) B does more work than A.

E) 14.3%

C) A and B do the same amount of work.
D) It’s impossible to know who does more work.

E) There is no Choice E.

The earth orbits the sun on a path
that is not circular, but elliptical,
as shown with great
exaggeration in the figure. The
gravitational force from the sun
on the earth keeps the earth in
orbit. At which of the labeled
points will the earth’s speed be
least?

A)A
B)B
C)C
D)D
E)E
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4) Magnetic fields exert forces on electrical charges that are always perpendicular to the velocity
of the charge and perpendicular to the field itself. Therefore, the power transferred by the
magnetic field to a charged particle

A) is always positive

B) is always negative

C) is always zero

D) depends on the sign of the charge.
E) depends on the speed of the particle.

5) Consider two flowerpots in windows of an apartment building. Pot A is knocked off the third
floor window ledge by Mr Smith’s cat, and it hits the pavement below. Pot B, which has half
the mass of Pot A, is knocked of its twelfth floor ledge by Mrs Jones’s goldfish and it also hits
the pavement. Which of these statements is correct?

A) Pot B will hit the pavement with twice the speed and twice the kinetic energy as does Pot

B) ?6t B will hit the pavement with the same speed and twice the kinetic energy as does Pot

©) ?.ot B will hit the pavement with twice the speed and the same kinetic energy as does Pot

D)?’.ot B will hit the pavement with twice the speed and four times the kinetic energy as does

E) ﬁgt g'will hit the pavement with four times the speed and twice the kinetic energy as does
Pot A.

PROBLEM I (20 pts)

Derive the Work-Energy Theorem, WrorarL = AKE. Consider the problem in only one dimension.
Make use of the following relationships:

KE="mv? W =F Ax (forget the cosine term for this derivation)

Show all work and justify any assumptions.

PROBLEM II (20 pts)

Andy and Bonnie fire identical caliber rifles (of reasonable lengths) using identical shells. The
barrel of Andy’s rifle is 2 cm longer than the barrel of Bonnie’s rifle. The force of the expanding

gases in the barrel accelerate the bullets.

Which bullet (if either) will have a higher muzzle velocity than the other? Be sure to explain fully
(or at least sufficiently).
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PROBLEM 111 (20 points)

K K2
Consider two cars on in an icy road that [
undergo a completely elastic head-on NID H ME
collision. Car 1 has mass M1 = 3500 kg
and initial speed vii = 15 m/s. Car 2 has S / / vy
mass M2 = 2000 kg and initial speed v2i | |
=10 m/s. Use the technique of relative | L |

velocities to determine the velocities of
each car after the collision.

PROBLEM IIII (20 pts)
Consider two massless springs with different spring constants, ki =300 N/m and k2= 500 N/m. A
mass M=4 kg is pressed against the left spring, compressing it by 0.2 m. The mass is released from

rest, slides across a rough portion of the floor (length L=0.4m and coéfficient of kinetic friction px
= 0.25) and hits the spring on the right. By how much is the second spring compressed?

- 183 -



_ 184 -



Section 9 — Rotation in a Plane

Rotation is generally fairly complicated to study and usually involves yet another type of quantity
beyond scalars and vectors, called fensors. However, we will restrict ourselves to rotation in a
plane, usually the x-y plane, which should make things a bit easier.

The Center of Mass

Up to now, we have been treating objects as point masses. That is, if we were asked the location
of an object, we could respond with as little as a single number, such as x = 3.576 meters. Extended
objects, on the other hand, occupy many locations. A car may be said to be between x= 4.582m
(at the tip of the front bumper) and x = 8.935 m (at the rear end bumper). Even that doesn’t give
many details. So, we often speak of the average position of a car. We don’t mean that in the sense
of a trip from Baltimore to Philly, where the average position is in Wilmington, but average in the
sense of examining each particle composing the car and averaging their positions. We call this
position the center of mass' of the object, and it is calculated in much the same way that the average
on an exam is found.

DISCUSSION 9-1

How do we find the average on an exam? If nineteen students each earn one hundred and one
earns a zero, is the average fifty? If not, what is?

For an exam, we take each possible grade (Gn) from zero to one hundred and weight the importance
of each with the number of students who earned that grade (Nn), then divide by the total number
of students. Or, if we were to share all the earned points equally among all students, how many
would each get?

G _ Zn NnGn
AVE Zn Nn

Instead, we look at every possible position and weight each by how much mass is located there.
Clearly, there are many positions at which there is no mass, and we usually just skip them:

X _ annxn
T Zam,

Because we like to ease into new things, let’s start by finding the center of mass of a bunch of
point masses.

EXAMPLE 9-1

' You may also hear the term center of gravity. So long as the gravitational field is uniform, these points are the
same.
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Find the center of mass of these four point masses.

4 ke 2 ke 9 ko 1 kg
'] . '] '] [ | '] . [ | [ | ’ '] . '] '] '] [ | 1 11
8 7 6 5 4 3 2 1 0 2 3 4 5 6 71 8

CYampx,  4(=7) +2(=2) +9(+1D) + 1(+3)  —20
XM= Ty o 4¥2+9+3 - 18

= —-111m .

Of, course, not every object is composed of a linear arrangement of masses. In three dimensions,
we can represent the location of each object by the location vector T, so that

L TamE,
'em = —Z .’
n n

but in reality, this is just a way of writing three separate equations for xcm, ycMm, and zewm.

HOMEWORK 9-1 ym
Find the center of mass of the four 4 ° 1 ke
masses shown in the figure. The 3+ :
coordinates are the integers they 24
appear to be. °® ' 4

What about objects that are not made
up of discrete point masses, but rather P

a continuous structure? In principle, 9 kg l
it’s the same process, although the

process of performing the calculations ) 2 kg
may be quite difficult. Luckily, we -5 o
don’t need many shapes to get out

points across in this course.

DISCUSSION 9-2

Consider, for example, a thin uniform rod of length L and mass M, like a meterstick. Where
do you suppose is the center of mass? Can you make an argument to support your contention?

We can make use of the notion of symmetry to make an argument about a few simple shapes. If
we initially suppose that the center of the rod is at its physical center, we see that for every bit of
mass on the left side, there is an equal amount of mass on the right side at exactly the same distance
out. The positions of these two masses will average out to the center of the rod, the average of the
averages will of course also be at the center. We can use this argument for other shapes, such as
a uniform hoop, uniform disk, and uniform sphere.
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DISCUSSION 9-3

What if the rod above were half made of maple and half made of pine? Where would the center
of mass be?

One last thing: although we will be dealing with extended objects for the next few sections, we’ll
restrict ourselves to rigid objects, where the individual pieces always maintain the same distances
to all of the other pieces in the object. So, a hammer would be considered a rigid object, but a
bucket’s worth of water thrown across the room would not. We should probably be a bit more
careful with that definition, but it’s good enough to get the idea across.

The center of mass has one especially remarkable property that makes life a bit easier for us.
DERVIATION 9-1

Consider a system of masses mn with total mass M = Xn mn:

Zn Innfn
2in My,

(Z mn) 'em = Z mpry ,
n n
M oy = Z m .t .
n

Now, find the ITRC? twice for each side. The first makes the positions into velocities and the
second makes the velocities into accelerations.

MQCM = Z mnﬁn .
n

Now, let's consider all of the forces acting on any one of the masses. For the n™ one, we have

Z Fpm = mpay .
m

If we add up all of those equations, we get

ZZFWH: Zmnan= Macy -
n m n

'em =

)

2ITRC is the instantaneous time rate of change.
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In other words, the forces acting on any of the parts of the collection of masses will accelerate the
center of mass as if it were a single point particle of mass M. This is how we got away with the

first half of the course.

Rotational Kinematics

Before we proceed, let’s review a bit from Section 3. Consider a
point mass m free to move about a circle of radius r. First, we need
to be able to specify the object's position. For this, we will return
to our convention of measuring angles CCW from the x-axis.
However, we will for now on think of such angles in radians, not
degrees. A radian is the angle such that the arclength s subtended
is equal to the radius r, or about 57.3°. Clearly, if we halve the
angle, we also halve the distance along the arc, so that theta and s
are proportional by the factor r:

s=r0.

So, there are then 27 radians in a circle, since the circumference is 27r.

We should next find a way of describing changes in the position,
or the angular displacement, AB = 0r — 6, so that As = AB r. Since
linear displacement was a vector, we should require the angular

displacement to be as well. The magnitude of AB will of course

indicate how much the object has turned. The direction of AB will
tell us two things: the plane in which the object rotated, and the
direction in which it rotated. A plane can be defined by a vector
that is perpendicular to the plane, and luckily, there are two
directions, one of which we’ll assign to rotation in one direction

e

and the other to the reverse direction. The choice is arbitrary, but we’ll want to match what

everyone else does. We can remember which is which by using
our right hands. Curl your fingers like little arrows in the direction
of rotation, and your thumb will point in the direction of the vector

AB. Be sure to use your right hands. Most of the problems you’ll
encounter here are with objects rotating in the plane of the page;
in that case, AB out of the paper (motion is CCW) is considered to
be positive, and A® into the page (CW motion) is considered to be
negative. Of course, as always, you can change this for your
convenience so long as you are clear and consistent.

We’re going to work our way through the analogs of all the quantities we discussed in terms of
linear motion. We continue with the angular velocity, the angular displacement per unit time:
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B A 0

A6 . -
WAVE = A WINST = Al%r—nmA_t ; The direction of w is the same as for A9 .

Looking back to Section 3, a point on the rotating object will possess a speed tangent to its path
given by

Vr= wr .
Likewise, we can define the angular acceleration as the time rate of change of the angular velocity:

Aw Aw

o = — = lim —
AVE At OINST ™ At50 At

A piece of this rotating object will have a tangential acceleration, ar, given by
ar= ar .

Determining the direction of the angular acceleration alpha is sometimes difficult. Remember
what we said back in Section 2: if an object (moving in one dimensions) is speeding up, v and a
are in the same direction, while if it is slowing down, v and a are opposite. Do the same for @ and
. We’ll leave problems when this is otherwise until your junior year Physics class.

Of course, there is also the angular jerk, the angular kick, and the angular lurch, ef c.

If we assume that there are situations where the angular acceleration is constant, we can derive
some kinematic relationships. Since 6, o, and o share the same relationships as x, v, and a, we
need not actually perform these derivations, but simply replace each linear quantity with the
analogous rotational quantity:

N U)f+ Wj
W AVE = )

-~ 1,
A =wt+ Eoct

w? = w?+2d-A0

If we restrict ourselves to rotation in a single plane, we can use the same notation (+ or -) for the
direction of each vector and drop the dot product in KEq 4.

EXAMPLE 9-2
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A wheel starts from rest and starts to spin with an angular acceleration of 2.5 rad/s>. After 34
seconds, what is the angular speed and through what angle has it turned?

We treat the problem the same as we did linear kinematic problems, by constructing a table.
We weren’t told which way the wheel is spinning, so let’s just make that the positive direction.

0i = 0 (make that the origin)

Or=7 «

oi = 0 (starts from rest)

Of = ? «—

o =+2.5 rad/s?

t=34 sec

KEq 1 gives us the final velocity directly:

wsf= wj;+ at
wr= 0+ 2.5(34) = 85%.
KEq 3 gives us the displacement directly:
AB = ot + %oct2
AB = 0(34) + %(2.5)(342) = 1445 radians .

Seem familiar? Try this one.
EXERCISE 9-1

A wheel is turning at 30 rad/s but slows and reverses direction to 40 rad/s. It does so while

turning through a net 500 revolutions. How much time did this take and what as the
acceleration?

HOMEWORK 9-2
An object initially rotating at an angular speed of 1.8 rad/sec turns through 50 revolutions
during the time it experienced an angular acceleration of 0.3 rad/s*>. For how much time did
the acceleration last and what was the final angular speed?

Torque

DISCUSSION 9-4
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Suppose you go home this evening, open the fridge, and take out a container of your favorite
beverage. How will you open it? For some of you, applying a force will be sufficient, but
would that work for everyone? What must the rest of you do?

Back in Section Five, we saw that Newton's second law of motion says that a net force is necessary
in order for an object to have an acceleration. We might expect a similar necessary condition in
order for an object to have an angular acceleration. Instead of a 'push' or 'pull,’ it requires a
'twist." Physics talk for a twist is forque, represented by the Greek letter T (tau). So, we might
guess that, in analogy with NII, that the net torque and the acceleration are proportional, and in the

same direction:
E Tp~a .

n

Let’s choose a symbol to make this an equation,

where 1 is some measure of the object's View from top of door

rotational inertia (how hard it is to

accelerate rotationally) in the same way

that the mass m is a measure of its Big force, big twist F
translational inertia (how hard it is to -
accelerate linearly). This quantity I may

well be the mass, but let’s not jump to any
conclusion too soon.

Before we try to justify this relationship, small force, small twist /[\F
let's see if we can work out exactly what
we mean by torque. Remember that we
are the ones who get to define things, and
if we’re clever, what we define might actually be useful.

o ]

Get yourself a meter stick to play with, if you like, or better yet, walk over to a convenient door.
Consider an object free to rotate around a particular axis, such as a door about its hinges. To get
the door to begin to accelerate rotationally, it seems clear that a force must be applied. The larger
the force, the bigger the twist applied. So, we might guess that
t~F.

Where the force is applied also seems to matter. Try pushing the door near the end, then with the
same force near the center. See how the former results in more twist than the latter. Pushing near
the hinge (axis) results in no twist at all. So, now we might think that t ~ Fr, where r represents
the distance from the axis of rotation to the point of application of the force.
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Big distance, big twist

1

hinge ot |
T
smaller distance, smaller twist
E
.| ]
r
/I\F Zero distance, zero twist
| ]
=0

We also need to define a direction for the
torque (after all, we can twist a bottle cap on
or off). Assume that the door in the figures
starts from rest in the example above, then
starts to turn CCW as a result of the applied

force shown. Then, A8 is out of the page,
Wave i out of the page, and a is out of the
page. Since for Newtonian translational
motion, the net force and the acceleration
point in the same direction, we will require
the net torque and the angular acceleration
to do so as well. We see that we can get this
result by defining the torque as the cross-

product of T and F:

Lastly, we see that there is a dependence
on the orientation of the force with respect
to the door. Namely, if we pull or push
along the length of the door, there is no
twist, and we obtain the maximum twist
when the force is at right angles to the
door. At intermediate angles, it seems
clear that we need to take the component
of the force which is perpendicular to the
r-vector, namely F sinO, where 6 is the
angle as shown between the force vector
and the r vector. So, perhaps t ~ F r sin6.

Big twist
[ | |
Mo twast
O }—>
B
. . F
Intermediate twist Fsu'.f‘.ﬂ'i/f
v/ 8
ol K-
—

T=txF or [f= |f‘||f| sinB.r (RHR).

Writing this definition as a cross product is really just shorthand; the second version above reminds
you of what you actually need to do. Review the discussion of the right-hand rule (RHR) in Section
1. The order of the subscripts on theta tells you which finger to use for each vector.

EXAMPLE 9-3

Use the right-hand rule to confirm that it gives you the desired direction of the torque in the

very last figure above.

Your index finger should be pointed exactly to your right, your middle finger should be at an
angle to the right and towards the top of the page, and your thumb should be pointing up out

of the page.
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Let’s take a moment to
clarify something that
seems to  confuse.
Notice that I described
the angle theta in the
diagram above as being

!

between T and F. Doesn’t look it though, does it? You have to remember that r and F there are
not drawn tail to tail, but tail to tip. When drawn correctly, it becomes clearer, as in the middle
drawing. What some students do is use the angle labeled phi, which is not the correct angle,
although you can see that it more closely meets the expectation of being the angle ‘between’ the
vectors. But here’s the thing. Theta and phi are supplementary, and the sines of supplementary
angles are the same. So, it really doesn’t matter which angle is used, the numerical result will be
the same. Since we’ve now discussed it, it’s O.K. with me, just be clear in your solutions.

Now, like everything else we’ve discussed so far in this course, this result is still tentative, since
although we think we know on what factors the torque depends, we don't know the exact
dependence. Only testing of the usefulness of this definition will vindicate our work here.

There is no special unit for torque; it's clear then that we can write it in terms of newton-meters.
In the U. S. Customary System., the unit is the pound-foot, distinct from the foot-pound, the unit
of work. Which is an interesting point: the dimension of work and of torque are the same, but they
quantities are themselves very different (vector v. scalar).

Occasionally, the torque will be
expressed as the product of a force
and its lever arm, . A little bit of
. ! b F trigonometry shows that / =r sin6, so
P”M‘x e | this definition is equivalent to, and
~ B F 7 sometimes more useful than, the one
“\\\ v given above. The lever arm is found

4 / by extending the line of action of the

i / force and finding the perpendicular

\ / distance (the lever arm) from the

pivot to this line. You must be

4 careful when reading other sources;

/ some define r as the lever arm and it
is not.

i

T=IxF - [T = |l||[F] (RHR).

HOMEWORK 9-2
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A pendulum consists of a 2 kg bob at the end of a 1.2 m long light string, suspending the bob
from a pivot. Calculate the net torque on the bob about the pivot when the string makes a 6°
angle with the vertical. Indicate the direction of this net torque. Your answer to the direction

will depend on how you draw your figure. 30N

HOMEWORK 9-3 : /
| 30
l

Calculate the net torque of these forces
about an axis through Point A that is
perpendicular to the length of the rod.
Repeat for an axis through Point B. 50N

The Second Law for Rotation and the Moment of Rotational Inertia

Following up on the notion of the existence of an analogy between linear and rotational motion,
we might suspect that that there is a relationship similar to Newton's second law,

ZFn=m5 )

n

Z?ﬁla,

n

perhaps of the form

where [ is a constant whose meaning we still need to divine, but which we suspect might be a
measure of how difficult it is to accelerate rotationally some object, in the same way that an
interpretation of the mass is as a measure of the difficulty of altering an object's linear velocity.

DERIVATION 9-2

Consider an object (point mass) constrained (for now) N
to move along a circular path, to which forces are '
applied. However many forces are applied, they can be b
added and resolved into components which are either B F

centripetal or tangential, resulting in net force \\b
5

5

components as shown in the figure below. The \
centripetal component is what keeps the object moving

in a circle and is of no particular interest to us just 53 _r""_/j
L

|

now. The tangential component, however, will il |
accelerate the object along the circle, that is, p- <
tangentially: /

£

ZFTn=maT .
n
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4 Let's multiply both sides of the relationship by the

Fp, radius of the circle, because, well why not?
E, '%__ J:
o \ -
2 = "R\' i
Voo {\ : _,?1 ZFTn_maTr
; "/;3\‘
Fn ,/’/ H,_r-‘i Distribute the r to get
ot
. II ZrFTnzmaTr .
(A p n
i
’ Since every tangential force component is (by

definition) perpendicular to the radius r, we
recognize the terms in the sum to be the torques exerted by each of the forces, and we remember
that ar= a1, so that

Zrn=m(ar)r=mr2a :
n

So, in this very special case, we see that a rotational form of Newton's second law holds true
if the proportionality constant is

2

Ipoint Mass = mMr

Note that this quantity depends not only on the mass,
but on the distribution of the mass. This last
comment should become clearer after the next
discussion.  Suppose we have an object that
comprises several point masses which are somehow
connected, perhaps with light rigid rods. I drew
three, which is enough to make the point, but there
could be as many as you like. Without bothering to
calculate each torque explicitly, we can safely
assume that there will be some torques applied to
each object, including external torques due to the
forces from other objects (make each the net force, if more than one force is desired), and also
internal torques from the other objects, mediated through the rods. For each mass mn, we can write

that
T + T = m 1‘20(
EXTnm INTnm n‘n “%n

m m

If the objects rotate as a single object about a common axis, then all the o 's are the same. Let's
add the equations.
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My
T + T = m,r2 |a
EXTnm INTnm n'‘n .
n m n m n

Let’s concentrate on the internal torques term. We know from NIII that

masses a and b exert forces on each other that are equal in magnitude and

opposite in direction. If those forces act along the line between ma and mo,’ |
then the lever arms associated with those forces about the axis are the same, Fab
and so the torques generated by those forces will also be equal but opposite

in direction. Therefore, the sum of all the internal torques should be zero. m
The sum of the external torques is just the sum of the torques exerted on the

masses as a unit, so we now have that

3 - (St Ja

from which we see that the moment of inertial of an extended, rigid object is the sum of the
moments of its constituent parts:

— — 2
ITOTAL - z In - Z mpry
n n

Because the value for the moment of inertia depends not only on the mass, but also on the
distribution of the mass in an object, the value for I for a given object may well (and probably will)
be different for different axes of rotation.

DISCUSSION 9-5 VIDEO

Consider the two cylinders in the video. They have the same mass, but the blue one is much
harder to twist around than the red one. Can you explain why?

DISCUSSION 9-6

Pick up a meter stick at its center and try to twist it back and forth. Now try the same thing,
but while holding the stick near the end. Which was harder to do? Why?

EXAMPLE 9-4

3 This is a necessary condition for this argument to work. Looking ahead to Semester Two, the forces between atoms
in real objects do indeed act along the line of connection, so we should be alright.
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4 kg 2kg 9 kg 1 kg

1 . 1 1 1 1 & 1 1 ’ 1 P\ 1 1 1 1 1
-8 7 -6 -5 4 3 2 -1 0 2 3 4 5 6 7 8

Find the moment of inertia of these masses about an axis passing through x = -4 m.

1= z:mnrf1 = 4(3%) + 2(2%) + 9(5%) + 1(7?) = 318kgm? .
n

HOMEWORK 9-4

4 kg 2kg 9 kg 1 kg
[ 1 . [ 1 [ 1 [ | [ 1 . [ | [ | ’ [ 1 . [ 1 [ 1 [ 1 [ | 1
8 7 6 5 4 3 2 1 0 2 3 4 5 6 7 8

Find the moment of inertia of these masses about an axis passing through x = +1 m. What do
you notice about your answer and the answer to Example 9-x?

EXPERIMENT 9-1

Here are the results of an experiment 818 -

that should give us some confidence < 115 - ¥ = 1.0071x + 0.0008 e
that the second law for rotation is true. EE' 014 ) -
Similarly to the experiment in Section g 012 ~

5, a hanging mass pulled a string & 011 f,ﬁ’f

wrapped around a horizontal disc of & 2041 e

moment 1. The data here are & "7 /

presented a bit differently. The linear & " f,«-"”f

acceleration of the falling mass is =°"7

plotted  against the predicted ; 0 002 004 008 003 01 012 O 016 018
acceleration, based on the concepts Predicted acceleration (mis %)

discussed above. The results vary
from prediction by less than 1 %.

Finding the moment of inertia of an object may be conceptually easy, I = Zn mn a2, but actually
performing this calculation can be quite difficult and is usually accomplished with calculus. As a
result, we will restrict ourselves to some common shapes; even then we will need to be fairly clever
to determine I for each. Before we start, let’s add to our toolbox with two derivations.
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The parallel axis theorem states that, if one knows the
moment of inertia of an object of mass M about an axis
passing through the center of mass of an object (Icm), then the
moment about any other axis parallel to that one is given by

IparaLLEL = Icm + Mh?

where h is the distance the second axis is displaced from the

first. V
h

DERIVATION 9-3

For simplicity of calculation, place the origin at the center of mass, let the original axis of
rotation be the z-axis, and align the x axis along the direction of the displacement of the axis
of rotation. That way, yn = yn’.

y

In

|
|
|
. 5,
n . | °n
|
|
new axis l
|

The moment about the center of mass is

Iem = zmnrrzl = zmn(xrzl +y5) .
n n

The moment about the new axis is
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IpARALLEL = Z mn(r{l)z
n
= MG+ i) = D my (G — )2+ )
n n

= Z m,(x2 — 2x,h + h? + y2) =

n
= z:mn(xrz1 +y2) — ZhZ m, X, + (Z mn> h2,
n n

n

The first term we recognize as Icm, the third is Mh?, and the second is 2hM times the x
codrdinate of the center of mass, which we specified was at the origin, so that term is zero. So,

IparaLLEL = Icm + Mh? .

To sum up, the parallel axis theorem is valid for any rigid object of any shape. One should know
the moment of inertia about an axis through the center of mass, but that could be any such axis.
The moment about any axis parallel to that original axis can be found with the relationship above.

The perpendicular axis theorem is valid for

conditions very different than for the parallel y
axis theorem. The object must be —
infinitesimally thin and flat. The location of
the center of mass is irrelevant here. Choose
a perpendicular set of x- and y- axes in the
plane of the object; these axes do not even
need to pass through the object. Suppose that

we know the moments of inertia about each A
of the x- and y-axes, Ix and Iy. The moment
of inertia about the z-axis, perpendicular to

the plane of the object and intersecting the
other two axes, is given by

'nx

=1+ .

DERIVATION 9-4

L= ) marhe= > moyi = > mrdy = > myxd
n n n n
I, = Zmn(rrzlz) = Zmn(xrzl +Yr21) = Zmnxrzl +ZmnYI21 = I+ Iy .
n n n n

We’ll return to these theorems later with some examples. Now, though, we’re in a position to find
the moments of inertia of some common shapes about specific axes. We’ll be using a number of
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approaches, more as a demonstration of the wealth of possibilities for solving problems without
using calculus. Some of these are actually easier than using calculus!

EXAMPLE 9-5

Find the moment of inertia of a thin ring of radius R and mass M
about an axis through the center perpendicular to the plane of the
ring.

Let’s break the ring up into very small masses mn, so small that Q n >
they seem like point masses. Each is a distance r» from the axis.

We’ve shown that the moment of each point mass is mn 1> and
that the moment of an extended object is the sum of the moments
of the individual parts. In this situation, all of the ms are equal

to R, so
[ = Zmnrﬁ = Z:mnR2 = (Z mn) R? = MR?
n n n

Remember, this result is good only for the axis described. Other axes will have different
distributions of mass.

EXAMPLE 9-6

Find the moment of inertia of a very thin hollow
spherical shell of mass M and radius R about any one of
its diameters.

For this solution, let’s make it the z-axis. Each small
mass mn is a distance rm from the z-axis. From the
Pythagorean theorem, z:> + > = R?, and so we can
make a substitution as follows:

I, = Z:mnrrz1 = z:mn(R2 —z2) .
n n

Now, here’s the trick. Let’s repeat this calculation for rotation around the x axis,

Iy = Zmnrtzl = Zmn(Rz _szl) ’
n n

Iy = Z rnnrrzl = Z mn(RZ - YIZI) .
n n

Next, two things. First, all of the points xn, yn, zn, must be located where there is mass, i.e,. a
distance R from the center of the sphere, such that R* = xa? + yu?> + zi>. Second, each of the

and the y-axis,

- 200 -



expressions above are, by symmetry, equal and individually what we’re looking for: Ix = Iy =
Iz = Ispuere. Let’s add them together.

3lspuere = Ix + Iy + 1,
= MR —xE +RE - yE 4 RE—28) = ) my (3R — (& + 3 +28)

n
= z:mn(E%R2 —R?) = ZRZZmn = 2MR?
n n

n

Finally,

IspuErE = §MR2 .

EXAMPLE 9-7*

Find the moment of inertia of a disc (mass M, radius R, and uniform areal density ) about an
axis through its center perpendicular to its plane.

We’ll modify a procedure developed by Fermat.* Pick a number q between 0 and 1. Take the
disc and split it up into concentric annuluses. The outermost has outer radius R and inner
radius gqR. The next has outer radius qR and inner radius g°R, et c., so that the n" one has outer
radius q"R and inner radius g""'R. Note that there will be an infinite number of such annuluses.
The area of each annulus will be the area of a circle with the outer radius minus the area of a
circle with the inner radius:

A, =m(q"R)? — nm(q"*'R)? .
The mass mn of each is proportional to the its area An,

mpy An

M~ mR?’
S0,
M
my = (=) ((W"RY? = (@™ TR)D) = M@ — 6?"*7) .

For the moment, let’s assume that the mass of each annulus is concentrated at its outer; we’ll
fix that later. The moment of inertia of each ring about the central axis is

4 Uta C. Merzbach and Carl B Boyer, 4 History of Mathematics 3" ed. (Hoboken: Wiley, 2011), 324-5.
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[ ~ Z In — z m, I.r21 — z M(an _ q2n+2)(an)2 — MRZ (Z q4-1’1 _ Z q4n+2>
n=0 o n=0 n=0 n=0

n=0

5

=MRZE —q*)" = MR?
n=

Last, we want to make the annuluses as thin as possible, which also takes care of the problem
of the mass being at the outside edge of each. Let ¢ — 1, which pushes the boundaries between
rings outward toward the edge. The summation is then equal to 2, and we have

1
IDISC = EMRZ
EXAMPLE 9-8%*

Find the moment of inertia of a uniform thin rod of mass M and
length L about an axis through its center perpendicular to its .
length.®

Here’s neat technique that makes use of the parallel axis theorem. We know from dimensional
analysis that the moment of inertia will be some numerical coefficient times ML?. Let’s call
that value gamma .

IcentER = YML? .

We might think of the rod as two half rods rotating about their common ends. Consider one
half of the rod rotating about its center; it will have the same value of gamma, but its mass and
length will each be half as much as for the full rod:

| S - e
HALF CENTER = Y >\72) T3 .

Next, we’ll use the parallel axis theorem to move the axis of rotation a distance L/4 to the
end of the half rod:

IyaLrEnD = lgaLFem + Mygapph® = 3 ML + (5> (Z) = ( 37 ML )

There are two halves, and the sum of their moments will be equal to the moment of the original
full rod:

4y +1
2(L

MLZ) = yMI2
32 14

5 Roger B. Nelson, Proofs Without Words III (Providence: MAA Press, 2015), 157. This book, along with its
predecessors, presents a number of graphic proofs for this relationship, including one that makes use of the Fermat
approach itself. You could also program Excel to calculate the sum for large n to check its validity.

¢ B. Oostra, “Moment of inertia without integrals,” Phys. Teach. 44 (May 2006): 283-285.
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4y+1_

16 7
4y+1=16y
1
V=12

The moment of inertial of a thin rod of mass M and length L about an axis through its center
perpendicular to its length is '/12ML?2.

EXERCISE 9-2*

Find the moment of inertia of a uniform solid sphere of mass M and Radius R about a diameter.
Use the Fermat method.

EXAMPLE 9-9
Suppose that we want to know the moment of inertia about the diameter of a hoop. We already
know the moment about an axis through the center, perpendicular to the hoop, is MR?. We’ll

make use of the perpendicular axis theorem ‘in reverse’ to solve this problem.

Let the x-axis be a diameter, and let the y-axis be the diameter perpendicular to the first. By
symmetry, we can assert that Ix = Iy. Then,

1 1
Ipgrp = I = Ix + Iy = 2Iy = 2lpjamerer  IpiamETER = EIPERP = gMRz .
EXAMPLE 9-10

Find the moment of inertia of a disk (mass M and radius R) about an axis in the plane of the
disc, passing tangentially through the rim of the disc.

This time, we’ll make use of both theorems. First, use the perpendicular axis theorem to find

the moment of inertial about a diameter; the method is similar to that used in the preceding
example. Then use the parallel axis theorem to slide the axis over to the edge.

1 1(1
Ipgrp = I; = Iy + Iy = 21y = 2Ipjamerer = IprameTer = EIPERP = E(EMRZ)
= IMR? .

Since a diameter of a disc passes through the center of mass, we are O.K. with using the parallel
axis theorem with h = R:

ItanGENTIAL = Ipramerer + Mh? = %MRZ + MR? = %MR2 .
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HOMEWORK 9-5 _2m 2m_
y
Four masses are connected by very light stiff rods, as shown in the i
figure. Find the moment of inertia of the four masses about the x- 4,
axis, then about the y-axis, then about the z-axis (out of the page,
intersecting the other two). The masses are in kilograms. Are your
results consistent with the perpendicular axis theorem?

HOMEWORK 9-6

For the object in the preceding problem what magnitude toque must be applied to give it an
angular acceleration of 3.5 rad/s? about the x-axis? The y-axis? The z-axis?

EXAMPLE 9-11

Consider a solid sphere with a light string wrapped around its

‘equator.” The radius of the sphere is 3 kg and its radius 0.2

meters. If I pull the string in the plane of the equator with a force
_ 1 - of45N, what will be the angular acceleration of the sphere?

The figure is as seen from above the sphere. There is the weight
of the sphere is downward (into the page) and there is a normal
force of some kind holding the sphere up. These forces exert no
torque because they are exerted at the axis and so their rs are zero.

T Ztn = la

(0)(gm) sin(?) + (0)(Fy) sin(?) + R(T)sin(90°) = gMRza

I insert the question marks for a number of reasons. The angles themselves are undefined because
there is no measurable angle between the force and a zero vector (r). Secondly, it maintains the
format of the terms in the calculation, and so you are less likely to make an error. Lastly, this
format tells me right away that you know that the torque term is zero and why its zero. Continuing,

2 5T 5(45)
T=-=-MRa - a= =

- - — 188 rad/s?
5 2MR ~ 2(3)(0.2) rad/s

HOMEWORK 9-7

A uniform disc (r = 0.6 m, M = 1.8 kg) is suspended vertically from
a frictionless axle as shown in the figure. A string is wrapped around
the wheel and is connected to a mass (m = 0.5 kg) as shown. If the
mass m is released from rest, what is the linear acceleration of the
mass and the tension in the string?
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Rotational Kinetic Energy

Continuing with the notion of there being quantities in rotational motion which are analogous to
quantities in translational motion, we might expect that there is such a thing as rotational kinetic
energy.

DISCUSSION 9-7

Can you guess the formula for rotational kinetic energy? In rotation, what takes the place of
linear speed? What takes the place of the mass? Does your guess have the correct dimension?

DERIVATION 9-5
Consider a rigid object rotating about some stationary axis. That is, the object is rotating, but

not translating. Each particle of the object, mn, will have kinetic energy by virtue of its motion,
and the total K will be the sum of the individual Ks:

— 1 2
Kror = Zg My Vp
n

As seen from the axis of rotation, these vns are
tangential velocities, vin. We saw previously that
there is a relationship between the angular velocity and
the tangential velocity,

Vtn = Wy Ty,

SO we can substitute

— 1 2 _ 1 2
Krot —Z;mn VTn —ngn (0 )" .
n n

But all the ws are the same, since it's a rigid body, so factor it (and the half) out of the sum:

1
Kror = Z%mn (wry)? = E(Z My rn2> w?
n

n
The quantity in parentheses we recognize as the moment of inertia for the object, and so

K = —lw?
ROT = 5

as expected. The unit of rotational kinetic energy is still the joule. Note that, like many of the
things we discuss, this is a bookkeeping thing; we can think of this energy as the sum of the
translational kinetic energies of the individual particles, or as the rotational kinetic energy of
the object as a whole. Don’t double count!
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HOMEWORK 9-7

In the discussion, we noted that rotational kinetic energy is just a O
convenient way of keeping track of the individual kinetic energies of all Z'E

the small particles making up an object. - - Iy s
Three masses (labeled in kg) are connected in a line by strong light rods. |

They rotate at angular speed 6 rad/s>. Find the following:

A) The moment of inertia about the x-axis

B) The kinetic energy using !/2lw?.

C) The tangential speed vt of each mass as it moves in its circle.

D) The kinetic energy from Zn %> mavra’.

How do the results from Parts B and D compare?
What happens when an object is rotating in addition to an overall translational motion? We’ll
consider a common case in which the axis of rotation maintains its orientation. In other words,
the object rotates but doesn’t tumble.

DERIVATION 9-6*

Each particle of mass ma will have a velocity vector Vn, as seen by some outside observer, so
that

Now, we can use the concept of relative velocities to write Vo = VrRa + Vn, Where Vra is the
velocity of the rotational axis as seen by our bystander and vn is the tangential velocity of ma
relative to an observer riding along with the rotational axis.

1 . R . R
K= 2my (ra +ra) - Fra + 1)
n

1 N N N N N N
= E >Mp (VRa - VRa + 2VRA * V1 + Vi * V1)

n

1 2 LT . v 1 2

-3 (2 mn) Vra t VRa (Z my VTn) + Z 2 My VTy
n n n

Let’s work on the middle term, which is the hardest.

Remember that the velocity V is the instantaneous time rate of change (ITRC) of the position,
r. The masses of course do not change.
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Z m, Vr, = z m,, ITRC(¥,) = ITRC (Z m, Fn) = ITRC (M fcympa)
n n n

= MITRC(Tempra) = M Vempa -

This is the velocity of the object’s center of mass relative to the rotational axis. Finally, we
obtain

— Iyro2 R 1 2
= EMVRA + M VRA VCM,RA + 3 IRA(D .

Now, let's consider a very common special case, that of an object which is translating while at the
same time rotating about an axis passing through the center of mass. In that case, Vemra= 0 and
VRA = VCM.RA, SO that this reduces to:

— Lyp2 1 2
= EMVCM +EICM(D B

that is, the total kinetic energy is the sum of the translational kinetic energy as if the object were
not rotating and the rotational kinetic energy as if the object were not translating.

DISCUSSION 9-8

How do we transfer energy into or out of a rotating (or rotatable) object? What did we need to
do to transfer energy in Section 6? Can you think of a relationship based on our analogies
between linear and angular motions?

DERIVATION 9-7

We know that work involves forces, so let’s apply a force F to an object at a distance r from
the axis of rotation. The point of application of the force moves a distance s along a circle as
the object rotates by an angle theta. We’re interested in the component of the force tangent to
the circle, that is, parallel to the motion of the point of application. See for example
HOMEWORK 6-X.

W = F;s=Frs= Fcos()s.
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Since r and Fr are perpendicular, the cosine of delta equals the
sine of phi and s =r Af. Substituting,

W = Fcos(8)s =Fsin(¢p)rA0 = tA0=T-A0.

Since both the toque and the angular displacement are vectors,
directions matter. Ifthe torque and displacement are in the same
direction, either into or out of the page, then the work is positive
and if they are in opposite directions, then the work is negative
(remember, we’re dealing only with rotations in a plane).

The instantaneous power can be written as

—_

Pnst = T @
We might also be able to define a potential energy associated with rotation. An example is that of

a torsional spring. Consider a wire or string which exerts a torque proportional to the angle through
which its end has been twisted and in the opposite direction of that angular displacement:

Trorsion = — KAO .

Then we would without hesitation assume that there is a corresponding potential energy given by
1
Urorsion = EK(AQ)Z :

What about the units? Well, k is in N m/radians (yet another quantity with the same dimension as
energy!) and the Urorsion is in (Nm) rad? or Nm, so this looks O.K. dimensionally.

DISCUSSION 9-9

Now we have three types of potential energy and two types of kinetic energy. Can energy be
redistributed from any of these to any other?

HOMEWORK 9-8
Consider the situation of Homework 9-x. Using conservation of mechanical energy, find the
speed of the hanging mass after it has fallen a distance of 3 meters. Assume both masses are
initially motionless.

A special example of an object translating and rotating is one which 'rolls without slipping.' In

that case, there is a nice relationship between the angular velocity and the translational velocity of
the center of mass. First, let’s show that.

DERIVATION 9-8*
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Consider a uniform circular wheel or something similar with radius R rolling without slipping
across a horizontal floor. The center of mass has velocity Veum as seen by an outside observer.
Relative to the center of mass, a point on the outside edge where the object touches the floor
will have an angular speed omega and a tangential velocity vr,cm. such that vr,em = @R. But,
since that point is at the moment not moving,

VCM + VT,CM =0 - Vem = wR .

Remember that if the object does slip in the surface, then this relationship is almost certainly
invalid.

EXAMPLE 9-12

Let’s repeat an example we’ve already
done several times. A disk of mass M =
5 kg and radius R =2 cm rests at the top
of an incline (height h=1.2 m, length L
=2 m). It's released and rolls without
slipping down the incline. What is the
disk’s speed when it arrives at the foot
of the incline? Will it be 4.9 m/s?

Let's try using conservation of mechanical
energy. Set y = 0 at the bottom of the
incline.

1 1 1 1
Wie = sMeys — sMVy; +510f — Slof + gMy; — gMy;
What forces act on the disk and how much work does each do?

Wn = 0 (force is perpendicular to the path)
W; — conservative
W= 0— We’re going to justify this after we’re done. Be patient!

Then,
1 1 1 1
0= SMviy, — EMvéMl- +2lwf — Slwf + gMy; — gMy;
starts fromrest starts fromrest y = 0 at bottom

1 1
gMy; = Mgy, + 1w}

For a disk rotating about its central axis, I = %4 MR? Since it rolls without slipping,
we can make use of the relationship vem = Rw. Lastly, we'll replace yi with h to obtain:

gMh = MvZy+ 1 (3MR?) (%)2 .
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Now some interesting developments. First, the mass drops out, so our answer is independent of
the mass of the disk. Also, R drops out, so the result is independent of the size of the disk.

— 1,2 12 _ 3.2
gh = —vewmr +,Vemr = LVemr

4gh  [4(10)1.2
VeMe = 3 = 3 =4m/s

DISCUSSION 9-10

When we did this example for a block sliding down a frictionless incline, the result was 4.9
m/s. Why is this result different? The block and the disk started with the same potential
energies. What happened to that energy? Which energy determines how quickly an object
moves? Does one have more of that kind than the other and if so, where did the rest of the
potential energy go? Would the result be different if this were a solid sphere instead of a disk?

In the Section 6 example, gravitational potential energy was converted into translational kinetic
energy. Here, however, there are two types of kinetic energy, translational and rotational. The
potential energy must be split between these two categories. How much goes into each category
depends on the shape of the object. For example, repeating the example above with a solid sphere
where the moment of inertia is 2/sMR? changes the final velocity to 4.14 m/s. Less energy
converted to rotational kinetic energy means more available for translational energy.

Shape Fraction before MR? | Per cent Translational K | Per Cent Rotational K
Hoop 1 50% 50%

Hollow Sphere 2/3 60% 40%

Disk 1/2 66.7% 33.3%

Solid Sphere 2/5 71.4% 26.6%

The final velocities of these objects down the ramp depend only on the fraction in front of the
moment of inertial term.

DISCUSSION 9-11

Let’s run a race but placing two shapes at the top of an incline and releasing them
simultaneously. Which will arrive first?

L]

Shapes1.mp4

Consider a disk and a hoop with the same masses and radiuses. Which will win a race rolling
down an incline?
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L]

Shapes2.mp4

Consider two disks of the same mass, but C has half the radius of A. Which will win a race
rolling down an incline?

L]

Shapes5.mp4

Consider two disks with D having both a radius and a mass much less than A. Which will win
a race rolling down an incline?

L]

Shapes4.mp4

Consider sphere F which has the same radius and mass as hoop E. Which will win a race
rolling down an incline?

Consider Hoop G and Hoop E with G having both a radius and a mass much less than A.
Which will win a race rolling down an incline?

L]

Shapes7.mp4

Were any of the results seen in the film different than what you expected? Can you explain
why the expected results were not obtained?

JUSTIFICATION 9-1*

Let’s clean up the question about work done by static friction. Consider a ball rolling on a flat
horizontal surface. It has translational kinetic energy %> mvem?® and rotational kinetic energy
Uhlw?. If it is simply rolling without slipping, not being driven by any agency, then there is a
relationship between vem and o, namely that vem = @R. The friction, if any, will be static, but
due to the synchonization of the two types of motion, there is no tendency to slip, and the static
frictional force, which is only as large as it needs to be, will be zero.

But what about an object on an inclined plane? Well, we know that the rolling object will have
a lower speed at the bottom of the incline than will the frictionlessly sliding object, so friction

must have done some negative work on the rolling object. It’s easy enough to calculate for the
example above:

WfS = FfS LCOS(1800) = _FfS L.
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The frictional force also exerts a torque on the object about its center that points into the page,
Trs = R Feg sin(90°) = — R Fys .
Since the angular displacement A9 is also into the page, the work done in terms of rotation is
Wis = T AB c0s0° = +RFgAB == + Fg(RAO) = + Fgg L.
So the total work done by the friction is zero.

EXERCISE 9-3*

Here’s a classic problem. Consider a bowling ball that is released with initial translational
velocity vo sliding down the lane but not initially rotating. Calculate the velocity of the ball
and how far down the alley it is when it begins to roll without slipping. HINT: What condition
is met when the ball rolls without slipping?

HOMEWORK 9-14

Consider the loop-de-loop track. A small round object with
radius r<<R is placed on the track at altitude h and released.
It rolls without slipping along the track and just barely makes
it around the top of the loop. Find h is the object were a h

A) solid sphere.
B) hollow sphere.
C) disk.

D) hoop.

HINT: If you represent the fraction before the mr? by some symbol, you can do almost all of
the problems at once.

Angular Momentum

Again as an analogy with linear motion, we might suspect that there is such a thing as angular
momentum (L), and we might guess that it is defined as Iw (analogous to p = mv). Let's see:

Starting from the rotational form of the Second Law,

?EXT = Ia )
we’ll substitute the definition of angular acceleration (and assume that I is constant!) to get

R Aw
TEXT = IE )
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Texr At = 1A® = A(IB) = AL .

The left-hand side of the preceding relationship is the rotational equivalent of impulse, and we can
see that, in the absence of any external rotational impulses, the total amount of angular momentum
is constant, or conserved. Our result suggests that the angular momentum points in the same
directions as does the angular velocity.’

Several observations. First, for linear momentum, we expected that the masses of objects could
not change, so that any changes in momentum p were due to changes in velocity. For angular
momentum, we see that a change in angular momentum can be effected by changing either w or I
or both. Secondly, and more interestingly, we remember the constant, droning repetition that all
three of the pictures we developed in linear motion (force and acceleration, work and kinetic
energy, and impulse and momentum) were not only equally valid, but derivable from each
other. We might expect the same from the three pictures developed for rotational motion, namely
torque and angular acceleration, work and rotational kinetic energy, rotational 'impulse' and
angular momentum. In the classical world we are studying this semester this is so, but in the real
world, we find the suggestion that angular momentum is somewhat more fundamental as a concept
than the other two. In your chemistry courses, you may have come across the notion that angular
momentum is quantized, that is, that only certain numerical values are allowed; this can be true of
energies also, but the values allowed depend on the exact system. Angular momentum may well
be the most important topic we cover in this course, and the one we spend the least amount of time
on.

DISCUSSION 9-11
VIDEO

Rotating student with barbells. By pulling the barbells in towards his body, he reduces the
moment of inertia, [. If there are no external torques, the angular velocity correspondingly
increases. This is the same effect used by figure skaters and high divers.

Student with bicycle wheel. A non-rotating student holds a wheel that is rotating so as to have
(say) one unit of angular momentum, pointing upward (call this +1). Inverting the wheel
causes the student to begin rotating. In the absence of external torques, the total angular
momentum must remain +1. Inverting the wheel changes its angular momentum to -1, and the
student then acquires angular momentum +2, so that the sum remains +1. How does the
student magically acquire just the right amount of angular momentum? Inverting the wheel
required that the student apply a torque, and so, by the third law, a torque equal in magnitude
but opposite in direction was applied by the wheel on the student.

We can derive analogous relations for the final angular velocities for totally inelastic 'collisions'
and for totally elastic 'collisions' by substituting moments of inertia for masses and angular

7 Most of our derivations have worked out that way. For example, ] = Ap = A(mV), so we assume that p = mv.
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velocities for linear velocities, although there are some restrictions on when these will be valid
(the Is should be constant, for example!).

EXAMPLE 9-13

A 10" LP of mass 110 grams is dropped down the spindle onto a freely turning 12" turntable
platter of mass 1 kg initially turning at 33'/3 revolutions per minute (rpm). What is the final
speed of the turntable in rpm?

HINT: Assume that both the LP and the platter are discs.
This is like a totally inelastic collision in Section 7 since the two objects have a common final
angular velocity. The two objects share a common axis, so the third law of motion is valid for

torques. Since the platter is freely turning, there are no external torques and we can use
conservation of angular momentum:

LroraLi = Irwgi + Ipwp; = Irwge+ lpwpr = L
[rwp; = (Ig +Ip)ws

IR0p; Tmpr} (1)122
- = = 33.3 = 32.1rpm .
O ety Imprdtimerd R (1172 + (1)122 .

HOMEWORK 9-9

Many schools have a lab practical to cap off their physics courses. You are given a closed box
with a shaft extending from one side. You are told that the shaft is attached to the center of a
round symmetrical flywheel of mass 7 kg and radius 0.4 m. When you attach a constant torque
motor (11.73 Nm), the system goes from rest to 600 rpm in 3 seconds. What shape or shapes
could the flywheel be?

DERIVATION 9-9*

Is there a relationship between linear and angular momentum? Consider a special case of an
object of mass m moving in a circle of radius r (location vector r) with angular velocity .
From our definition above, R

B

v
L=Iw=mR*==Rmv .

Magnitude-wise, this looks promising. Direction-wise, we want L to
point out of the paper towards us, parallel to omega. We can do that
with a cross product. We can try v X T, but that points into the paper,
so we’ll make it ¥ X V. Since in our example, Vv and T are
perpendicular, the angle between them is 90° and we have
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L=mf XV=F xp - |f|=mrvsin(9m,:rpsinE)r,ID (RHR).

But what if T and v are not perpendicular? Well,
since the object is moving in a plane, it’s certain
that at some time the situation will appear as
above, but for most of the time, it will look like
this figure. What does our proposed relationship
give us in that situation? Since R = r sinf, the
result is the same, L = Rmv out of the page. So,
it seems we have a nice way of writing angular
momentum in terms of vectors.

HOMEWORK 9-x

Jimmy runs 2 m/s tangentially to a frictionless playground merry-go-round and jumps on. If
Jimmy’s mass is 30 kg and the platform has mass 100 kg and radius 2 m, what is the final
angular speed of Jimmy and the platform?

HOMEWORK 9-10

VIDEO
A professor stands on a freely rotating platform like the one in the demonstration. With his
arms outstretched, he has an angular speed of 2 radians/second. Once his arms are drawn
inward next to his chest, his speed becomes 6 rad/sec. What is the ratio of his final kinetic
energy to his initial kinetic energy?

EXERCISE 9-1 Solution

0i = 0 (make that the origin)
0r=-500 revolutions = - 3141.6 radians Why is it negative?

i = +30 rad/s
or=-40 rad/s reversed direction
o0="7«
t=? «
Try KEq 4:
w? = w?+2a- A0
2 2 3 2
wf — o (—40)° — 30
= = = —0.11rad/s?-
MPTY: 2(—3141.6) rad/s
Then KEq 1:
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j— ; > j— j— j— .4 i
! (04 0.11

EXERCISE 9-2 Solution

We’ll set the parameter of interest as the z-axis and slice the sphere into many thin circular
cylinders of height Az, each with mass mn, radius rm, and volume Va. The moment of each of
these cylinders is already known to be %> mara®>. We’ll write everything in terms of z.

Define a number of positions zn along the z-axis between z = 0 and z = R as zn = q"R with g<1
and n from zero to infinity. Then,

Az, = q"R—q""'R=q"R(1 —q),
ra= R*—zf = R*— (q"R)’ = R*(1—-¢°") ,
Vo = mrd Az, = w(R2(1 - ¢*™)(q" R — ) ,

3M
n(R*(1-q*M)(q"R(1 —q)) = - -aMq -9 .

= 4m 3
3R

Then, the moment of inertia of this slice is

1 2 _ 13M 2nY\ n (1 _ 2(1 _ ~2n
In=§mnrn—<§4 1-9"q"(1 q)>(R (1-g°")
3
= gMR* (1 -a*?q" (1 - ) .

To find the moment of the entire sphere, we must sum this expression for all of the slices, and of
course double the result to account for those slices for which -R <z < 0. Lastly, we will make q
— 1 to make the slices as thin as possible.
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3 [ee]
[= 22MR? lim (Z((l -q*M?q" (1 - q))>

— 2 n+1 3n 3n+1 5n _ ~5n+1
= MR }11_1’)11 —2q°" + 2q +q q )
n=0
3 [ee]
= ZMRZ hm (1-9q) <z q“—ZZ(q3)n+Z(q5) )
n=0
—3MR21 (1 <1 2 ! + ! )
— 3 1-q “1-¢@ 1-¢
1-q _1-q 1-g¢
= g (120 )
g1 1-q 1—q3+1—q5
= —MR? li (1 2 ! + ! )
4 a1 1+q+q*> 1+q+qg*+q®+q*
2

EXERCISE 9-3 Solution

There are three forces acting on the bowling ball: the weight, the normal force from the floor, and
the kinetic frictional force from the floor. Using the second law of motion,

+Fy—gm=ma, =0 ; —Fg=may, ; Fx=pxFy - ax= —ukg .

In terms of torques about the center axis, Fx has
angle 180° (or 0° depending on how you
measure the angle) and the weight has a lever
arm of zero, since we have previously
demonstrated that it can be considered to be
applied at the center of mass. That leaves the
friction:

T = RFg sin(90°) = la

RuggM = MR2a

_ 5 ugg
2R

We’ll decide that CW rotation is positive to match the positive x-motion to the right (that is, into
the page will be positive). Now we might consider setting Ax = R A8, but that’s not true because
of the skidding. It’s also temping to think that, when the ball stops skidding, a = aR; this is a true
statement, but both are zero (the friction goes from kinetic to static!) and so that’s not very useful.
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We have to look at vem = ro and use KEq 1 for both linear and rotational motions. Let t be the
time from ball’s launch to when it rolls without slipping.

Ve = R(L)f

v, +at = R(w, + at)

5 ukg

7 2
Hth St Vo

YoT T2 " Tixe’

Then,

and
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Section 1-10 - Static Equilibrium
DISCUSSION 10-1

Suppose you’re constructing some structure, a bridge or office building. It’s composed of
many parts, none of which should move. What condition should be imposed on an object, such
as a steel beam or a brick, so that it doesn’t move? What else shouldn’t the object do? What
condition must be met for that motion to be avoided?

Conditions for Static Equilibrium

Statics 1s a sub-topic of physics and engineering which is incredibly important; mechanical
engineers study it for many semesters because of its applications to the design of buildings and
other structures. What is needed are the conditions under which an object or assemblage of objects
will not shift. These boil down to:

Zﬁnzo and Z?nzo
n n

That is, we want the objects not to accelerate or rotate. And, that is it for Section 10.

I’m sure, however, that you’d like a few examples. Our convention for this chapter is that we shall
write the magnitudes of the force and r vectors, then add the appropriate signs in front of each
torque term; positive for torques out of the page (that is, those which would act to accelerate the
object CCW), and negative for torques into the page (those which would act to accelerate the object
CW).

In the previous section, we considered rotations about specific axes. In this section, the object is
not rotating about any axis, that is, the torque about any axis you may care to choose will be zero.
This gives you a fair amount of freedom in solving problems. In this section, the point about which
the torques are calculated is called the pivot point. My suggestion is to write the toque equation
first, choosing if possible a pivot that makes the torques due to forces of unknown magnitude zero.
In that way, many problems can be solved by considering only the torque equation without
involving the force equations.

Remember from Derivation 9-1 that we can act as if all of the weight of an object is applied at the
object’s center of mass.

EXAMPLE 10-1
Consider a see-saw of length L (6m) and mass m (m = 15 kg) which is pivoted at the
center. Anna (ma = 20kg) sits right at the end of the board. Where should Carli (mc = 35 kg)

sit so that the board is balanced?

Much as we did back in Section 5, we need to choose an object (or objects) to analyze; in this
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case, we choose the board. Let's draw a free body diagram (with +y upward and +x to the
right) to inventory the forces:

Fnr is the normal force exerted by the E

fulcrum of the see-saw on the board, and NF

gms is the weight of the board, which we
assume can be thought to act as the center

of the board. The forces labelled Fna and H _

Fnc are not the weights of Anna and Carli, \l( '

but rather normal forces exerted by them E ¢FN C
on the board; remember that the weight of NA om

each child acts on the child. Through the =B

use of NII and NIII, these forces are numerically equal to those weights.

A For Anna, we have from NII that
F
NA
+FNA - gMC == O
My +Fya = gM; = 10(20) = 200 N .
gMp The exact same calculation for Carli results in Fne =350 N.
v

Let's do the problem twice to illustrate a point.

1) Choose the left end of the board as the pivot. The torque requirement is'

D % = (0Fyasin(?) + (3)(Fye) sin(90°) — (3)(gms) sin(90°)

— rperr enp (Fne) sin(90°) = 0.

We’re going to need to know Fxr, so we’ll go to the vertical force equation:
Zl_::nx=0 and any:-}_FNF_ FNA—FNC—gmB=0 )
n n

FNF = FNA+FNC +gmB =200+ 350+ 150 =700N .

Returning to the torque equation,

(3)(Fnp) — (3)(gmp) = rigprEnp (Fre)-

! Note the question mark inserted as the angle. Since r = 0 for that force about that pivot, the angle is undefined.
However, I think that keeping the format of each term uniform lessens the probability of making an error and at the
same time, indicates to me that you know that that term is zero and why.
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3FNF—3gmp _ 3(700)-3(150) _

ILEFT END = = = 4.71 m from the left end.

Fnc 350

2) Choose the center of the board as the pivot. The torque equation is then

D % = +(3)Fnasin(90°) + (O)(Fyp) sin(?) — (0)(gmp) sin(?)
) — rcenter (Fne) sin(90°) = 0;
(3)Fna = reenter(Fre)

(3)Fna _ 3(200)
Fxe 350

I'CENTER = = 1.71 m to the right of the center,

which is of course the same answer.

What we see, then, is that a judicious choice of the pivot such as in the second solution can save a

great deal of effort.

EXAMPLE 10-2

Consider a horizontal uniform beam of mass m and length L supporting a sign of mass M. The
beam is attached to the wall with a wire which makes an angle 6 with the beam. Its other end
is supported by the friction between the end of the beam and the wall. How large would the

co-efficient of static friction need to be to keep the beam from slipping?

Again using the usual coodrdinate
system of +y up and +x to the right,

and picking the left end of the beam s
as the pivot, we write that: T
+T, —gM =0 ; /pm A 0
+Fy—Tycosd =0 ; .FNﬁ [
Fis—gm+ Tysing— T, =0 ; sm VTQ

Frg = pgFy (crit.sit.);
and
(0)F¢g sin(?) + (0)Fy sin(?) — %gm sin90° — LT, sin90° + LT; sinp =0 .

Simplifying the torque equation and substituting for T2 results in
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. gm gm
T151n¢= 7+ T2: 74‘ gM .

Now it’s just substitution:

m
_ Fs  gm— Tysing+ T, 8M~— (gT‘*‘ gM)+gM_ m tand
Hs = Fy T, cos ¢ B 8 4 oM - m+2M’
(2.—>cosc|)
sing

HOMEWORK 10-1

A sign weighing 300 N is suspended at the end of a massless
beam 2 m in length, as shown. The beam is attached to the -
wall with a hinge, and its other end is supported by a et
wire. What is the tension in the wire if it makes an angle of —

30° with the beam? —
HOMEWORK 10-2

A sign weighing 500 N is suspended at the end of a uniform 300 N beam 5 m in length, as

shown. The beam is attached to the wall with a hinge, and its other end is supported by a

wire. What is the tension in the wire if it makes an angle of 25° with the beam? Use the same
figure as for Homework 10-1.

HOMEWORK 10-3

A sign weighing 200 N is suspended under a uniform 300 N
beam 4 m in length, as shown. The beam is attached to the wall
with a wire which makes a 53° angle with the beam. Its other
end is supported by a hinge connected to the wall. If the
maximum tension permissible in the wire is 300 N, what is the p
range of distances from the wall that the sign can hang without
causing the wire to snap?

HOMEWORK 10-4

An 6m long, 110N ladder rests against a smooth wall. The co-efficient of static friction
between the ladder and the ground is 0.8, and the ladder makes a 53° angle with the
ground. How far up the ladder can an 800N person climb before the ladder starts to slip?
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Sample Exam IIII

MULTIPLE CHOICE (4 pts each)

)

2)

3)

Consider a solid sphere of radius R and mass M, and a disk of mass m (=2 M) and radius r
(=2 R). In arace rolling (without slipping) down an incline, the solid sphere wins. Which
of the following is true?

A) The solid sphere and disk have the same moment of inertia.

B) The moment of inertia of the solid sphere is larger than that of the disk.
C) The moment of inertia of the disk is larger than that of the solid sphere.
D) There is no way to know which moment of inertia is larger.

E) There is no Choice E.

Consider a rigid body, not necessarily in equilibrium. Which of the following statements is
always true?

A) If=F, = 0, then X%, = 0.
B) If =7, =0, then =F, =0.
C) IfXF, #0, then X%, # 0.
D) If %, # 0, then =F,, #0.
E) None of these is always true.

Consider a solid sphere of mass M and radius R. What is the sphere’s moment of inertia about
an axis tangent to the surface of the sphere?

A) 2/5 MR?
B) 3/5 MR?
C) 7/5 MR?
D) 3/2 MR?
E) 2 MR?

Consider two point masses on the x-axis. M1 has mass 45 kg and is at x = 4m, while M2 has
mass 35 kg and is located at x = 9m. Where is the center of mass?

A) 1.0m
B) 6.2m
C) 6.5m
D) 6.8 m
E) 38 m
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5) The moon orbits the earth on a path that C
is not circular, but elliptical, as shown
with great exaggeration in the figure.
At which of the labeled points will the
moon’s speed be greatest?

A)A E
B)B
C)C
D)D
E)E

PROBLEM I (20 pts)

Suppose that a solid sphere (mass M and radius R)
is launched up an incline, as shown, and
subsequently rolls without slipping. How far up the

incline (L) will the disk go before stopping? /
L
Let M=4kg, R=0.02m, vi=12 m/s, and 6 = 53°.
0

PROBLEM II (20 pts)

Consider a playground merry-go-round, a disk of mass 80 kg and radius 1.5 meters, rotating
about a frictionless axis through its center. There are two twins, each of mass 30 kg, sitting
at the edge of the disc. The angular speed of the ride is 7 rad /sec. Now, one of the twins
moves to the center of the disk. What is the new angular speed?

PROBLEM III (20 pts)
Prove that the rotational kinetic energy of a rigid object as it turns about some axis with

angular velocity @ is KErot = 2l0?, where I (=X, mnrn?) is the
moment of inertia of the object about that axis. /_\

PROBLEM IIII (20 pts)
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The blade of a circular saw of diameter 0.3 m accelerates uniformly from rest to 2800
rev/min in 32 seconds.

A) Convert the final angular velocity to radians/second.
B) What is the angular acceleration of the blade?
C) Through what angle did the blade turn in this process?

D) If the mass of the blade is 0.1kg, and the blade can be considered to be a disk, what net
torque was applied to the blade during this process?
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Section 11 - Oscillations

Let’s define a couple of terms. An oscillator is an object that moves repetitively through a given
path in a given time period. In a sense, you are an oscillator, moving from home to school to work
to home every day. A simple harmonic oscillator (SHO) is a very special case when an object
moves through a cycle along a line (perhaps the x-axis) around a central point (we’ll say at x = 0)
such that its position x is given by

x(t) = Acos(2mft+ @) .

Here, t is time, A is the amplitude, the maximum excursion from the central point, and phi is the
phase angle that allows us to change the cosine into a sine by shifting the curve in time. For this
course, phi will always be set to zero. The symbol f is the frequency, the number of cycles
completed per unit of time; one cycle per second is called one hertz (Hz). Note that we will often
replace 2nf ' with the angular frequency, Q (omega).! We will also define the period of oscillation,
P, as the time to complete one cycle, and so necessarily, P = 1/f.

Since the object is not moving with constant velocity, there must be some force acting on it. More
specifically, the force acts to return the object back towards the central point. Such a force is
described as a restoring force. Let’s see if we can suss out the nature of the force that causes
simple harmonic motion (SHM). Force is related to acceleration, so let’s find the acceleration of
a SHO. Given that by definition the location is x(t) = A cos(2nf't), we can find the velocity
function. Remember back to Section 3, when we found the instantaneous time rates of change of
the sine and cosine functions:

ITRC (A cos (ot)) = —o A sin(ot) and ITRC (A sin (ot)) = ® A cos(ot).
In this case, we replace ® with Q = 2nf. The velocity of the SHO will be
v(t) = ITRC(x(t)) = ITRC (A cos(2mft)) = —27f A sin(2mft)
and the acceleration is

a(t) = ITRC (v(t)) = (—2nf)ITRC (Asin(2nft)) = (—2nf) (2nf)A cos(2Tft)
= —4m?f? x(t).

The force is then, by NII,

F(t) = %t) — (4“:2) x(0) .

! The angular frequency is perhaps best explained during a differential equations course. For now, we’ll use it as an
abbreviation for 2zf. In most textbooks, the symbol ® is used, but I am taking this opportunity to try to avoid
confusion.
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So, we see that the force required to produce this type of motion must be proportional to the
displacement of the object from x = 0.

DISCUSSION 11-1

Can you remember a force we discussed that is opposite in direction and proportional to the
displacement of an object from its equilibrium point? Is that necessarily the only such force
that meets those conditions?

CHEESEY EXPERIMENT 11-1

B

Oscillations.mp4

We know from previous discussion that springs follow Hooke's relationship, F = - kX, the force
applied to the mass is proportional to the displacement of the mass from the equilibrium point and
is directed opposite to that displacement. If we compare Hooke’s relationship to the requirement
we developed above, we see that the spring constant would have to be given by

4_1.[2 2
k= f .
m

Turning it around, if a mass is attached to a spring and set into motion, the frequency of oscillation
will be

1k
fo_an'

This special frequency, at which a system 'prefers' to oscillate, is called the natural frequency,
fo. If I were to bop a mass on a spring, this is the frequency at which it will oscillate. If I do it
again, the mass will again oscillate at the same frequency. Each of the five times a year I do this
until I retire, it will oscillate at this same frequency. Notice that the frequency appears to be
independent of the amplitude of oscillation, so it doesn't matter how far we pull the mass before
we release it, the mass will oscillate with the same frequency.

DISCUSSION 11-2
To test this result, it is more convenient to measure the natural period of oscillation, Po = 1/fo:

m
P0=2T[ ?
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Would we expect that the period proportional to the mass and inversely proportional to the
spring constant? How should the data be plotted to obtain a line? If we were to place 100
grams of mass at the end of a real spring, how much mass would be oscillating?

EXPERIMENT 11-1

Let’s square both sides of the equation above with the intention of plotting the mass as the
independent variable:

15

Period Squared (s"2)

2

o

Mass (kg)

y=4.689x-0.0013 _.-®

.
@ y=2.4262x+0.0082
s
-'....
y = 0.5816x + 0.015
0.1 0.2 0.3 0.4

Mass + 1/3 Spring Mass (kg)

[

472
o
In theory, to obtain a line, the dependent
variable plotted should be the square of the
period. For the data shown in the graph, there
is a serious problem. The theoretical
relationship predicts that the intercept of the
line should be zero. We asked a moment ago
how much mass is actually oscillating. Since
this is a real spring and not our abstract
massless spring, we should take into account
the parts of the spring that are also moving. We
won’t go into it here, but under these
conditions, we should count one third of the
mass of the spring.? Replotting and adding
more springs result in lines with intercepts very
close to zero. We see then that the square of the
period for each is proportional to the mass plus
1/3 the mass of the spring. = Now, what’s
different about these springs? These are the
same springs we used for Hooke’s relationship
in Section 6. According to the relationship
above, we can determine each spring constant
from the slope of the associated line, since

k

. 41?
y = (slope)x + (intercept) < P2Z=(—|m+0

| _41'[2
slope = —-

4112

slope

- k =

Comparing results from this experiment and from those of section 6,

2 J.G. Fox and J. Mahanty, “The Effective Mass of an Oscillating Spring,” Am. Jour. Phys. 38 No 1 (January 1970):

98-100.
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Spring | Hooke’s relationship experiment | Oscillation experiment
Nr 1 8.25 N/m 8.42 N/m
Nr2 16.13 N/m 16.27 N/m
Nr3 64.10 N/m 67.88 N/m

gives us a bit more confidence that this relationship is correct.

In the discussion above, we assumed that the only force acting on the mass was that of the spring.
That might be appropriate way out in space, or if the mass were mounted horizontally on an
airtrack. But often, springs are arranged vertically, and so gravity plays a part. Turns out, though,
that this does not affect the results for the frequency of oscillation; the mass will simply hang at a
lower equilibrium point as more mass is added.

JUSTIFICATION 11-1*
When the spring is horizontal, its motion is governed by the second law,
—kX =ma .
When a massless spring is hung vertically, its lower end sits at the equilibrium point, X = 0. If

we add some mass to the end and allow the system to come to rest, the new equilibrium point
will be obtained from the second law:

Note that this is negative, because the new equilibrium point will be lower than the original

one. Now, let the mass oscillate about this new equilibrium point. The second law equation
will be

—kX —gm =ma .
Substitute:
—kX — kXgq = —k(X — Xgq) = —kX' = ma .
Here, X’ is the displacement of the object from the new equilibrium point. This is the same

force equation (and therefor the same motion) for the case of no gravity, except that the
equilibrium point will be at Xkq.
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Let's have a quick discussion about the energy of
a SHO. The kinetic energy is K= !/2mv? and the u
potential energy is U = !/> kx?, and the total is the
sum of these two.

1 1

EroraL = smv? + kX? A +A
= zim(—Zrtf A sin(21tft))?
+ Zlk(A cos(2mft))?

k
_ 1 2 cin2
= Sm A“ sin®(21tft)
+ %kA2 cos?(2mft) = %kA2 .

So, if we pull back the mass to x = A and release it, the energy will convert from potential to
kinetic, then back to potential, ez c.

HOMEWORK 11-1

An oscillator with a 0.23 second period is made from a mass M
suspended from a spring of constant k. The mass is then placed on a
frictionless surface which makes a 45° angle with the horizontal, and
the spring is attached at the top of the incline as shown. What is the
new period of the oscillation?

EXAMPLE 11-2
A 0.8 kg air-track car is attached to the end of a horizontal spring of constant k =20 N/m. The
car is displaced 12 cm from its equilibrium point and released. What is the car's maximum
speed? What is the car's maximum acceleration? What is the frequency fo of the car's

oscillation?

The frequency of oscillation is given by

_ A fk_ 1o
fo= 2n Im~ 2m.log = 080Hz.

The velocity of the object? is given by
v(t) = —2nf,Asin(2mnf,t) = —21(0.80)(0.12) sin(21tf,t) = —0.60 sin(21f,t) .

The speed is a maximum whenever the sine term equals = 1. Maximum speed is 0.60 m/s.

3 Remember that we’re always assuming that the object is pulled in the positive direction to X = A and released at
time = zero.
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The acceleration is

a(t) = — (4m?f2)Acos(2nft) = —4(9.87)(0.082)(0.12) cos(2nft) = —0.03 cos(2Tf,t).

The maximum magnitude acceleration is when the cosine term is 1, so |amax| = 0.03 m/s?.
HOMEWORK 11-3

A mass (0.3 kg) and spring (k = 350 N/m) system oscillates with an amplitude of 6 cm. What
is the total mechanical energy of the system? What is the maximum speed of the mass? What
is the maximum acceleration of the mass?

The Simple Pendulum

There are many other systems which exhibit simple harmonic motion (SHM), and even more that
are close enough that we can make use of the results above for a reasonably correct approximate
solution. One such system is the simple pendulum, which is a point mass m (the bob) at the end
of a massless string or stick of length /. Let's look at the free body diagram for such an object.

DERIVATION 11-1

We are interested in the motion along the
circular arc. Let us describe the bob's
position with s (= / 0), the displacement
along the arc which we shall make positive
to the right and negative to the left. Theta
will follow the same convention. Break
the forces into tangential and radial
components. We aren’t really interested in
the radial components, but tangentially we
have

—gm sin@ = mar .

The negative sign is necessary to get the direction of the force correct. When the bob is on the
left side of the figure where s and theta are negative, we want the force to be in the positive
direction. Similarly, when the bob is on the right side of the figure where s and theta are
positive, the force must be to the negative direction.

We have two types of variables here, one tangential and the other angular. We need them to
be the same type. Substitute s// for theta:

—gm sin G) = mar .
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Now, this is not the same as the for the mass/spring system, since the force F is proportional
to the sine of the displacement, not to the displacement itself. In fact, this is a moderately
difficult equation to solve, even using calculus. So, we will do what physicists often do, we
will look at a special case, when the angle theta is ‘small.” If an angle is small, the sine of the
angle is approximately equal to the angle itself in radians.

MATHEMATICAL DIGRESSION

Put your calculator in radians mode. Take the sine of 0.0001 radians. How close it the result
t0 0.0001? Is 0.01% much of a difference? Repeat for 0.001,0.01, and 0.1. Are the two values
diverging slightly? Repeat for 0.5 radians and you will see that the result is about 4% off from
the input. The art here is determine how much of a divergence is acceptable, or how small is
‘small.” In a course like this one, we usually accept the approximation up to about 30°.

Continuing,

—— s =marg .

[

Turns out, we’ve already solved this problem. The acceleration is negatively proportional to
the position, same as for the mass on a spring. So, all of the steps we went through to solve
that problem are the same steps we would go through here, except k is replaced with gm/!/.

Then,
1|k LBy
[
foMassonspring = 50 70 = fosimple Pendutum = 50 [T = E\E :

Some of you may have verified the relationship between the frequency and the length in lab.
HOMEWORK 11-4

Mary-Kate (m = 50 kg) is swinging on a tire tied by a (light) rope (L = 3 m) to a tree limb. Her
twin Ashley comes along and squeezes into the tire with her. Assume that at all times the
center of mass of the person(s) riding the tire is at the end of the rope. What was the period of
oscillation for Kate alone? What is the period of oscillation for the twins together?

HOMEWORK 11-5

A pendulum bob on a light string of length L is arranged as
shown in the figure. There is a peg stuck into the wall a
distance L/3 below the point of suspension. What is the
period of small oscillations for this system?

DISCUSSION 11-3
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Because we’re not solving the actual equation for the motion of the simple pendulum, the
correct result differs to some degree from what we’ve derived. Do you think that actual period
of a simple pendulum at large angles is larger or smaller that for small angles? Try writing the
force equation in terms of torques instead:

Actual equation: — %sin 0= a

Approximation equation: —% 0=«

The Physical Pendulum
DERIVATION 11-2*

Consider an object of indeterminate shape hanging from an
axis, as show. This is known as a physical pendulum. D is
the distance between the point of suspension and the center
of mass. The forces acting on the object comprise a force at
the suspension point (the pivot) and the weight, which can be
assumed to act at the center of mass. Consider the torques
acting on the object when it has been displaced from
equilibrium by angle theta:

| —Dgmssin 6 + (0)Fgpsin(?) = la .

gm |

V If we once again restrict ourselves to ‘small’ angles,
—Dgm 0 = la ,

we see that this problem is the same as for the mass on a spring (alpha is to theta as a is to x)
and that we have already solved it. The result is found by replacing k with Dgm and m with I:

1 [Dgm
fo Physical Pendulum — E T

Find the frequency of small oscillations for a vertically suspended disk of radius
R and mass M if it is attached to an axis at its top.

EXAMPLE 11-1*

We can make use of the results above, but we will need to determine D and I.

D is the distance between the suspension point and the center of mass, so, D =

R. The moment of inertia of a disk about its center is !/2MR?, but we’ve moved the axis a
distance h = R, so we’ll invoke the parallel axis theorem:

Iepce = Iom + Mh? = _MR? + MR? = “MR? .
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1 [RgM 1 [g
fo Physical Pendulum = E %MRZ = E @ .

First, find the frequency of a simple pendulum with a point mass bob of mass M of a light
string of length L. Then, find the frequency of a spherical bob of mass M and radius R =0.1L
at the end of that same light string. Calculate a per cent difference.

HOMEWORK 11-6

EXERCISE 11-1*

A mass is attached to two massless springs as shown in the M
figure. What is the natural frequency of oscillation fo if M = 7
kg, ki =300 N/m, and k2 =900 N/m? Assume no friction.

HOMEWORK 11-7

A mass is attached to two massless springs as shown in the M [mm@
figure. What is the natural frequency of oscillation fo if M = 7 kg,
ki =300 N/m, and k2 =900 N/m? Assume no friction.

Damped Oscillations

We spoke briefly about damped oscillations. The discussion above suggest that, if one sets the
mass/spring system into oscillation, the total energy of the system remains constant and the mass
will vibrate forever with the same amplitude. In fact, we know that the mass will slow a bit on
each pass due to friction with the air (usually assumed to be a drag force of the form F=-bv) or
the table; energy is removed as friction performs negative work on the mass.

The figure shows a lightly
=(t) damped system (black
e curve) and an overdamped
system (red line), which
loses so much energy so
quickly that it never
oscillates even once. A
good example of the
overdamped system is the
car shock absorber. The car (m) is supported by springs (k), so that SHM is possible. If one were
to drive over a bump with faulty shocks, the car would then continue to oscillate at about 1 Hz for
several seconds. Shock absorbers dampen the system so that the ride smooths out without the
oscillations.

DISCUSSION 11-4
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The natural frequency of a lightly damped oscillation is slightly lower than that of an undamped
system. Can you give a brief, non-mathematical reason for this? Consider the very first swing
of the bob. What does the retarding force do to the speed of the bob?

Resonance
System If we were to disturb the mass/spring
Response system in some way and step back, the

system will oscillate with natural

frequency fo = [k/m]"?/2m. If it's

disturbed again in a different manner

then left to itself, the system will again

oscillate at that same natural

~ frequency, until its energy is

5 T : depleted. If we want the system to

-~
e

; continue to oscillate, we must replace
@natyral “anving the energy lost to dissipative

forces. Let's jiggle the other end of
the spring, applying a force though a distance (i.e., doing work), at some frequency f, which is then
known as the driving frequency. Let us vary the driving frequency to see the effect on the
system. If we jiggle the spring at a very low frequency, we see that the mass oscillates with the
same frequency at which it is driven, but with a small amplitude. Changing to very high driving
frequency, we see once again that the mass oscillates at the driving frequency, but with a very
small amplitude. However, if we excite the system at a driving frequency very near to the natural
frequency, we see that the response of the system, as demonstrated by the amplitude of oscillation,
increases. If we plot this response as a function of the driving frequency, we see the curve shown
in the figure. Consider this simplified situation:

The green line represents oscillation at

the natural frequency. If we were to

/\ apply the force as the shown by the blue

. line at a frequency less than f,, we would

fIME  see that sometimes the force is acting in

the direction of motion of the mass, but at

other times, against the motion. On

average, then, no work is done by that

force. The red line indicates the force with frequency > fo, and the argument is the same. When
we vary the applied force at the same frequency as the natural frequency, we are always applying
force in the direction of motion of the mass, so all work we do is positive. If the rate of doing
work is greater than the rate of energy dissipation, the amplitude of the oscillation will increase.
The condition when the system is driven at its natural frequency and delivers its greatest response
is called resonance. Sometimes resonance is desirable, sometimes not. For example, if one wants
to push a small child on a swing, the greatest amount of fun (or terror) is attained when one pushes
the swing at its natural frequency. On the other hand, if the ground shakes at the natural frequency
of a skyscraper, the building may respond with an amplitude beyond the limits of structural
integrity. The Tacoma Narrows Bridge collapse occurred because the wind passing over the bridge
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excited one of the span's torsional oscillation modes, resulting in the collapse about three hours
later. Are you surprised at the incredible elasticity of steel and concrete? Only a dog lost its life
in the collapse, because the owner left it behind when he abandoned his car on the bridge
(Hmm!). The bridge had exhibited strange effects for the three months it was open. There are
films of the deck of the bridge oscillating in a vibrational mode much like waves in the ocean; cars
could actually disappear from view behind the humps which rose and fell in the roadway. A related
system is that of tall skyscrapers. Once again, if the wind were to gust at the natural frequency of
the building, it might cause collapse; modern buildings often have a mechanism to 're-tune' the
vibrational modes of the building away from the current driving frequency of the wind.

Exercise 11-1 Solution

Suppose that Spring 1 is stretched from its equilibrium length a distance Xi. To do this, a force
of F1 = kiXi is required. This force is applied by Spring 2. Suppose that Spring 2 is stretched a
distance X2 from its equilibrium length. This requires a force F2 = koX>. By the third law, this is
the same magnitude force as F1 and the force applied to the mass. We want to replace the two
springs with a single spring of constant kerr that will apply the same force when it is stretched a
distance Xerr = X1 + Xo.

Xgrr = Xp + X,

Ferr _ F1 By

= —4+_=
kerr k1 Kk
All of the forces here are the same magnitude, so

1 1 1 kik,  (300)(900)

—_— J— -

k =
keer ki Ky EFF = 1, +k, 300+ 900

22 = 0.90H
fo = 21r m 21r -

= 225N/m

Then,
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Section 12 - Waves and Sound

We covered single oscillators in Section 12. For the specific example of a mass/spring system, we
saw that there is a natural frequency at which the system would 'like' to oscillate, given by f, =
[k/m]"?/2m. Now, let's consider a chain of such oscillators, in this case identical masses connected
by identical springs. If we apply a

disturbing impulse to the left-end mass, it @Mﬂ m '|l|m1[] . |I|I|M| _

will move to the right, applying its own
force on the next mass, ef c. The speed of
this disturbance as it moves down the chain of oscillators should depend on the masses and on the
spring constants. For example, if the springs are stiff, the first mass will not need to move very
far in order to apply a fairly large force on the next mass, while if the spring is flexible, the first
mass would need to move a good distance to apply a sizable force to the next mass. In the same
way, for a given force, smaller masses will respond more quickly and larger masses less quickly.
We might surmise that the speed of the disturbance should be related to the frequency of oscillation
of each mass, and based on dimensional analysis, we might suspect the relationship to be

While this discussion was based on a chain of masses, we can guess that the speed of a compression
wave in a material should be proportional to the square root of the ratio of an elastic property to
an inertial property:

v elastic property
- Speed of Sound in Elemental Metals inertial property
E 15000
e For example, the speed of a
2 ¢ sound pulse in a metal can be
'8 10000 shown experimentally to be
=
S s000 ‘ o s V= Y
= ° D’
o ([
3 oo
-|E g L-® where Y is the Young's modulus,
0 5000 10000 15000  a measure of the springiness of

the material, and D is the mass
density of the material (inertial
property). In the figure, the
dotted line (which is not a best fit line) shows where the measured value and the theoretical values
would be equal.

Measured Velocities (m/s)

JUSTIFICATION 12-1*
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The density and the Young’s modulus are both macroscopic quantities. Let’s see if we can
correlate this result to microscopic quantities. From chemistry, we think that the material can
be modelled by small balls of mass m (representing the atoms) connected by bonds represented
by springs with stiffness k, and relaxed length /.. To make things a little easier, we’ll assume
that the metal’s atoms lie on the corners of cubes, as shown in the figure.! I omitted the
‘springs’ in two directions since the
oscillations will occur in the left-right
direction and we will assume that the
plane of atoms will move as a single
unit. Each pair of adjacent planes of
atoms are connected by a large
number of ‘bond’ springs.

For simplicity, let’s say that the object
is a cube of edge Lo and mass M. The
cross-sectional area of the left end will
be A =Lo%. Let’s apply forces F along
the length of the block, as shown. As a
result, the block will contract along
that axis:

F v AL
A L,
Here, F/A is the stress and AL/Lo is the strain (cause and effect).

If the cube has mass M and the mass of each atom is m, then there are N = M/m atoms. There
will be N3 atoms along each edge each separated from its nearest neighbor by distance /o, so

L, = N3],

We might also assert that the compression of the bond length is in the same proportion to the
compression of the entire length of the cube:

Similarly, the area of the left end, and therefor of each of our planes, is

A=123= (N31,)".

! Such an arrangement is called a simple cubic structure. There is unfortunately only one elemental metal that has
this structure, polonium, and that is highly radioactive and doesn’t stick around very long before decaying into other
elements.
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The number of atoms in such a plane is (N'*)%, and so the mass of such a plane will be

MppaNg = N?/3m

Each such plane has N?? springs connecting it to the adjacent plane. We saw in a Section 12
that the effective spring constant of ‘parallel’ springs is the sum of the spring constants, k:

KpLaNgE = NZ/3k .

So, as we push on the left end with force F, Hooke’s relationship says that we should see that

F = kPLANEAl .

Finally, of course, the density D is the mass divided by the volume, D = M/Lo* = m/l>. So,

here we go.

AIN2/3m

ﬁ (@7t,) _ %LJF 5 et

@ |G

N2/3

k

L, [— .

m m

The speed of sound in a fluid (like air) also follows this form: v = [B/D]"2, where B is the bulk

modulus, a measure of the elastic properties of a fluid.

fﬁﬁﬂﬁmo’ﬂ@%@@mﬁ ﬁ@@%ﬂﬁ rg@'jaﬁm ik

D!rer.tiun of wave

ngitadinal p:ap-ng'nhcun

QA0 GOICTHONCD Iﬂ@@ﬂ@ﬁ@?@ﬂﬂ DTN

We will be using
one particular type
of wave as our
archtype; things we
learn about this
particular wave are
transferrable to
most other types of
waves. We will
concentrate on the
transverse wave on
a string. Waves in
which the

individual pieces of the medium move along the same line as the direction of propagation of the
wave are referred to as longitudinal, while waves in which each piece of material moves along a
line perpendicular to the direction of propagation, such as on a taut string, are
called transverse. Here is a nice non-calculus derivation for the speed of a disturbance on such a

string.

DERIVATION 12-1
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Consider a pulse traveling As

along the string to the right -————— - e =
at some speed v, and e
further assume that the
central part of the pulse has
the shape of a circular arc
with radius R. The actual
value of R doesn’t matter,
it just needs to be chosen so
that part of the string lines
up with the arc. Ifthe size of the disturbance is fairly small, then the tension T is approximately
constant along the string, even where the disturbance is. Now, to make this work, we will shift
to a reference frame that is moving along with the pulse; in other words the pulse appears
stationary and the string is moving at speed v to the left, making a small detour around the
circular arc. In order to move in that circle, a small piece of the rope of length As (and mass
Am) would need to experience a centripetal force, Fc, which is provided by the two components
of the tension acting toward the center of the circle:

T T sinff2

VZ

0
re= 2Tsn(2) = ac=am .
C Sln2 dc mR

Making use of the small angle approximation for the sine function,

2

2T(e)—Te—A v
2) = VT AR

_ TGR_ T As
V= Am | Am °

While we presumably know the tension T in the string, we made no specific choices about the
sizes of As or Am, which should depend on theta and R. But luckily, it doesn’t matter; the
ratio Am/As depends only on the string itself. We call this ratio the linear mass density, or just
the mass per unit length, pn. Then,

T
v= |—.
1

Once again, the speed is given by the square root of the ratio of an elastic property (how’
snappy’ the string is) to an inertial property.

Here is an interesting example: whips are constructed so that the linear mass density decreases
nearer the tip (that is, they get thinner near the end). A pulse sent down a whip will therefor travel
more and more quickly, and it is possible that some of the pieces near the end will move more
quickly than the speed of sound, causing a mini sonic boom (see below).
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Reflections

We next looked at reflections of pulses on a string. We noted that a pulse traveling down the string
is reflected with the same orientation if the end of the string is free to move, and reflected with an
inverted orientation if the end of the string is fixed. Although this could be proven mathematically,
we based our assertion on experiment. We can visualize what's happening, however, by imagining
that the string continues beyond its actual end, and that an imaginary wave is traveling back down
the string towards the end from the imaginary side. We invoke the principle of superposition, the
notion that the total displacement of the medium is the sum of the individual displacements due to
each pulse; in this way, we know that the reflected pulse for a fixed end must be inverted, since
this is the only way the total displacement at the end of the string can always be zero, and then
clearly, the wave and its reflection must add together in the case of a free end. Here is an animation
illustrating the two types of reflections/ INSERT

Now, instead of considering the two extreme cases (completely fixed or completely free ends),
think about what would happen if the end of a string were tied end to end to another string. In all
cases, we would expect that some of the wave would continue down the second string with the
same orientation (and frequency) as the original wave; this is called the transmitted wave. The
argument we can give is that the end of the first string does the same thing to the second string as
the hand or other agent did to the first string at the other end. We also notice that there is a reflected
wave, the orientation (and size) of which depends on whether (and by how much) the second string
is 'heavier' or 'lighter' than the first. Watch this demonstration video. INSERT

DISCUSSION 12-1

What do you notice about the size of the pulses that are transmitted and reflected? Why does
this happen?

The quantity used to measure the difficulty of a wave in passing through some medium is called
the impedance, Z. 1If Z» > 71, the reflected wave is inverted; if Z» < Zi, the reflected wave is
upright. This is a general result, even though the exact values of the impedances are calculated in
different ways for different media. In the specific example of transverse waves on a string, we
have that (asserted without proof)

Z=\Tu.

In that case, we see that our original examples correspond to Z2 = 0 (end of string loose, so w2 =
0) and Z> = infinity (end of string tied to wall, so p2 = infinity). The impedances also tell us how
much energy is reflected and how much is reflected.

DISCUSSION 12-2

What would happen if the two media had the same impedance? Are there occasions when we
would want the incoming wave to be totally reflected? Are there occasions when we would
want the incoming wave to be completely transmitted? Suppose you are walking across
campus and see a friend on the other side of the quad. How would you get his attention (do
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not say ‘text him”)? If he didn’t hear you, what might you do with your hands? Why does this
work?

Abrupt changes in impedances between two media results in strong reflection. To minimize
reflections, the transition from one material to the other should be made as gradual as possible.
Cupping your hands around your mouth makes the transition from a tube of several centimeters
diameter to the wide-open atmosphere smoother, resulting in more transmission of sound.
Coxswains of racing shells often use megaphones, a hollow truncated cone used to amplify the
voice. Some of you may remember the days of rabbit ear antennas for your televisions. The
impedance of the ribbon cable is 300 ohms,*> which matches that of the screw terminals on the back
of the TV. When cable came along, people with older TVs had to buy matching transformers to
convert the cable’s 75 ohm impedance to the TV’s 300 ohms. Failure so to do resulted in multiple
reflections, appearing as ‘ghosts’ on the screen.

Sinusoidal Waves

Instead of pulses, let's discuss a more commonly studied %
type of wave, one in which the system is driven by a
sinusoidal force with frequency /. Now, the wave which /_\ A
is produced will have the same frequency as the driving 3 /_\\ I
force, even though the speed of propagation will be . \/ '
determined by the natural frequency of the individual

oscillators.  Let’s start by defining some of the
characteristics of a wave.

o the frequency (f) counts how many oscillations each piece of material experiences each
second, or alternatively, how many peaks pass by an observer each second. The period P
is as before the reciprocal of the frequency.

e the amplitude (A) describes the maximum deviation from equilibrium. This is easy to
visualize in the example above where A refers to the maximum displacement rom
equilibrium, but it can also refer to the maximum excess of pressure over average
atmospheric as in sound, or the maximum electric field strength as in light, ef c.

e the speed (discussed above).

o the wavelength (A) measures the physical distance between corresponding points on
adjacent waves (e.g., from peak to peak).

There is a relationship among f, A, and v, which we can deduce from the 'railcar analogy.'

Suppose that a train with cars of length L passes you at speed v. You count N cars in time t. The
distance traveled by the train in that time is d = NL. The speed of the train is v = d/t = (NL)/t =

2 An ohm is a unit for electrical impedance.
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(N/t)L. We recognize (N/t) as the

frequency f (the number of peaks

the analog of A, so v =fA.

A A 98
/\ \ //\ % //_\ Y\ /\\ that pass per unit of time) and L as
W W

Although we won't prove it,

[| [ | sinusoidal waves moving along the

x-axis are described mathematically
% by the expression:

2T
y(x,t) = A sin (TX + 2nft+ q)) :

where @ is a phase angle that allows us to change the function to cosine or to some combination
of sine and cosine. As in the last section, we’ll let the phase angle be zero for simplicity.

Since we didn’t derive this relationship, we’ll at least show that it is correct and does what we need
it to do. Let’s examine each term one by one.

1)
2)

3)
4)

5)

The shape of the curve is obviously sinusoidal.

The sine function varies between +1 and -1, and this function y(x, t) varies between +A
and -A.

We’ve already addressed phi.

Suppose we freeze the wave at t = 0. Since we can assign the value of zero to any particular
time we choose, this works for any instant. The equation reduces to

2
y(x,0) = A sin (Tﬂx) .

Let’s consider the location x = 0, then follow the curve though one cycle or one wavelength.
The function then goes from

21
y = A sin(0) to A sin (77\) = A sin(2m) ,

which corresponds to one mathematical cycle, as desired.

Now, let’s examine what happens at the particular location x = 0. Again, we can set the
origin to be anywhere for our convenience. The equation reduces to

y(0,t) = A sin(F2mft) .

We’ll follow that bit of medium through one cycle or one period, P = 1/f. The function
then goes from

y = A sin(0) toy = Asin(+2nfP) = Asin(+2m) ,
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which corresponds to one mathematical cycle, forward or backward as desired.

6) Lastly, we’ll confirm that the negative sign between the terms corresponds to the wave
moving to the +x-direction, and the positive sign to movement in the — x-direction.
According to the equation,

2T
y(x,t) = A sin (TX - 2tht> ,

there will be a peak in the curve when the argument of the sine function is equivalent to
90°. As time increases, the second term will become more positive, but there is negative
sign which makes the argument more negative. In order to keep the argument at 90°, the x
value must increase. That is, the position of the peak will move toward positive x. For the
other case,

2T

X x+21rft> ,

y(x,t) = A sin(

as time increases, the argument will become more positive, so to keep it constant at 90°,
the x value must become more negative, that is, the position of the peak will move toward
negative X.

So, it appears that this formula does everything we would expect of it. Note from Item 6 that it is
the interplay between the spatial and temporal terms that accounts for the wave’s motion.

Standing Waves

The principle of superposition states that, if more than one wave is passing through a given point,
the total displacement is the sum of the displacements due to each individual wave.
Suppose that we set up two sinusoidal waves in a (one dimensional) medium which are identical
in every way except their directions. A specific example would be two waves moving in opposite
directions along a very long string, each end being jiggled at the same amplitude and
frequency. What happens when these waves meet? We use the principle of superposition to find
the result by adding the two individual waves. We saw that the resulting wave did not appear to
travel at all; this type of wave is called a standing wave, although stationary wave might be more
apt. Let's examine this more mathematically.

DERIVATION 12-2
y; = Asin (ZTHX - 21Tft) (moves to the right), and
y» = Asin (Z%X + 21‘[ft) (moves to the left) .

We’ll expand these out using the trig identity

sin(a + B) = sina cosP * cosa sinf} .
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yrotaL = Y1t Y2
=A [sin (ZTHX) cos(2mft) — cos (ZTHX) sin(Zﬂft)]
+ A [sin (ZTHX) cos(2mft) + cos (ZTHX) sin(ant)] = 2Asin (ZTHX) cos(2Ttft) .

Here, we see that, in contrast to the original waves which had mixed spatial and temporal
components, this wave has separate spatial and temporal components. Each piece of the medium
undergoes SHM, but with an amplitude that depends on its x-position.
INSERT VIDEO ANIMATION

We can see that there are spots that never oscillate (nodes) and spots that have maximum oscillation
(anti-nodes). Each type of location is separated from its adjacent neighbor by one-half of the
wavelength.

This little derivation assumes that the strings are very long. In the real world, string (or other
similar systems) have a finite length. In such systems, there will be many reflections from each
end which will have to be added to determine the overall behavior of the string.

VIDEO

We started with a string fixed at each end, and we excited waves with different frequencies. In
some cases, we noted that the waves all added up to a random pattern, eventually canceling out. In
other cases, we saw that the initial and reflected waved added to produce a standing wave. What
conditions need to be met to do this? We could do a very mathematical derivation of this, but it is
just as correct to base our investigation on observation.

< L > System ‘fixed’ at one end and ‘free’ at the other -

We saw a series of patterns like those shown in the

— — figure as we increased the frequency at which the
—— L= iM

system was excited. The lines indicate the limits of
— the oscillations of the string (the envelope). The

— = 33/4

—— —1L fixed end must always correspond to a node (no

e e motion) and the free end, where the string can move
—e———c— L= 5M4 the most, corresponds to an antinode. As we

increase the frequency (or shorten the wavelength),
we must always add in an additional node and an additional antinode to fulfill the conditions above,
thereby adding two quarter wavelengths. We notice that the length of the system must be an odd
natural number multiple of a quarter wavelength, or

L=—, =1357,...
2 n

Since we already know that v = f A, we can solve for the allowed frequencies for these stationary
waves:
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fo= — n=13057..

System ‘fixed’ at both ends - We saw a series of
patterns like those shown at left as we increased
o . the frequency at which the system was
e —— ———"" excited. Here, we see that the length is an even

natural number multiple of a quarter wavelength:

- ~, L=4)/4
T nA
L=—, n=246,8,..,
e W i o W sicina P R YT 4
R T T T - and so,
T S - nv
e e L=3AM fo=— n=2468,.. .
4L
Finally, when both ends are ‘free,” we see that the result L
is the same as for both ends fixed but with the nodes and
anti-nodes reversed.  —— S —————T Ve Y VL
So, now we have an easy-ish relationship and an easy SERERE L =44/

way to remember which numerical values to insert: if --— s

the ends are of the same type, or ‘even,” use the even

values and if the ends are different, or ‘odd,” use the odd — - ; %—— L=61/4
values. We see that, unlike for a single oscillator with a

Systern
Besponse

- single natural frequency, we here have a
/ \ system with many natural frequencies:
I

h !
/ \\ Remember that, even though we derived

/ e VY these results for transverse waves on a
e string, the results are valid for other
' system. For example, consider a stopped

organ pipe, which means that it is open at

;ii;::‘m one end and closed off at the other. At the
open end, air is free to vibrate, while at the

closed end, no vibration is possible

|~ because of the stopper. This pipe will

support standing waves of the form f'n =
g'\ nv/4L, n =1, 3, 5, ... How are these

\ \ frequencies produced? In an organ, air is

\ \ pumped into the pipe against a sharp edge,

= which produces all

frequencies. However, those frequencies
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which do not correspond to the favored frequencies reflect back and forth in the pipe and, on
average, cancel themselves. But the few special frequencies re-inforce one another and produce
standing waves. These frequencies are often referred to as the harmonics of the system. On
occasion, they are referred to as the fundamental (n = 1) and the overtones (n > 1).

EXERCISE 12-1

The human ear canal is about 3 cm long. Ifit is regarded as a tube open at one end and closed
at the other, what is the fundamental frequency of a standing wave in the ear??
Let vsound = 340 m/s. Since these frequencies are re-inforced in the ear canal, human hearing
is just a little bit better at this frequency that at others.

HOMEWORK 12-1

A tuning fork is sounded above a (narrow) resonating tube as in lab. The first resonant situation
occurs when the water level is 0.08 m from the top of the tube, and the second when the level
is at 0.24 m from the top. Let vsound = 340 m/s.

a) Where is the water level for the third resonant point?

b) What is the frequency of the tuning fork?

HOMEWORK 12-2

A 2 m long air column is open at both ends. The frequency of a certain harmonic is 400 Hz,
and the frequency of the next higher harmonic is 480 Hz. Find the speed of sound in the air
column.

DISCUSSION 12-3

Now here's a question. How can a listener distinguish different musical instruments that are
playing the same note?

For example, an oboe and a clarinet are both
essentially cylindrical tubes, closed at one end
and open at the other, and so they produce the
same sequence of harmonics, fn = nv/4L. The

answer is that, because of the exact shape of the "”’“ - ||h\4 + L_ss of air
bore, they each put slightly different amounts of

energy into the different harmonics, and it is
that distribution that your brain remembers and

labels as one instrument or the other. The same
goes for vowels in speech. ’I ”

Reslmme nf |'.II|ZIE'

Sounds produced
I I
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In the figure, you can see the spectra of three long
vowels as pronounced by an Upstate New Yorker.
The axes are logarithmic, with frequency along the
horizontal axis and the strength of each frequency
along the vertical axis. The actual frequencies
produced are the same in each case, but the strengths
of each are very different for the three sounds.

Also, it is possible to suppress certain
harmonics. Those of you who play guitar know that
plucking the string in different spots produced
different sounds on the same fundamental. Plucking
a string at its center will deliver more energy into
frequencies with an anti-node there, i.e. n =4, 8, 12,
16, et c. Touching a string lightly one third of the
way from one end will suppress any frequencies with
an anti-node there.

DEMONSTRATION 12-1

VIDEO al rod

Non-Sinusoidal Waves*

We've been concentrating on  sinusoidal
waves. What about waves that are not
sinusoidal? Waves that are repetitive in time can be
approximated by adding up different amplitudes of
many sinusoidal waves of different frequencies
(Fourier decomposition):

y(t) = ZAH sin(n2mft) n=1,2,3,....

n
We can represent these amplitudes An graphically
with a figure like this one, similar to what was shown
on the screen of the spectrum analyzer above.
For example, a 'ramp' wave is composed of waves
with the form n = 1, 2, 3, ... with An decreasing as
1/n.
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A ‘square wave’ is the sum of waves of the form n =1, 3, 5, ... and the amplitude An decreasing
as 1/n. A triangular wave is the sum of waves of the form n =1, 3, 5, ... and the amplitude Ax
decreasing as 1/n°.

oo —
) -
L=

Intensity

A wave can be defined as a transfer of energy without a net movement of matter. For example, if
I send a pulse down a string, the other end of the string can exert a force on some object to which
it is tied, and possibly do work. For sound (and later, light), we measure the rate of energy transfer
per unit area as the intensity, 1, with the corresponding units of watts/m?>.

Consider a fire siren which broadcasts isotropically P joules of sound energy per second. Draw
an imaginary sphere of radius R with the center at the siren; all the energy must eventually pass
through that sphere, and the intensity will be

[— P
~ 4mR?
We see that if we make the sphere larger, the energy will be distributed over a larger area, and
the intensity will be reduced (that is, each square meter of area will receive less energy). This
1/¥? dependence is fairly common, and we shall see it again.

EXAMPLE 12-1

At noon, you can hear two towns’ sirens going off. If Siren A has twelve times the intensity
of Siren B, what is the ratio of their distances from you?

So, if we assume that the sirens are identical, the power outputs should be the same:
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If Star A and Star B appear equally bright to your eye, but you know that Star B is twenty times
further away from earth than is Star A, what is the ratio of the powers radiated by each?

EXERCISE 12-2

HOMEWORK 12-3

At the fireworks show, a particularly loud explosion occurred 100m directly above Susique’s
head. Hank is 50 meters from Susique and Earl is 100 meters from Susique. Compare the
intensities heard by each.

An alternate way of expressing intensity is in units of decibels. The decibel scale is logarithmic,
and thus follows more closely the actual size of the signal sent from human ear to human
brain. The bel is named for Alexander Graham Bell, who was not, as one might suppose,
American, but rather a Scot-born Canadian working in Boston. A reference intensity Io is defined
as 102 W/m?, which corresponds roughly to the quietest sound a normal human can hear. The
intensity to be converted is compared to this standard, and the log base ten is taken of the
ratio. This gives the number of bels, so the number of decibels (dB) must be ten times more:

[
B == 10 loglo_ .
lo

EXAMPLE 12-2

Suppose that the sound that one professor produces from the front of the classroom has an
intensity of 107 W/m?. How many dB does this correspond to?

1 -7
EXERCISE 12-3

Now, suppose there are ten professors at the front of the room, talking incoherently.> How
many decibels would ten professors produce? What about one hundred?

3 No jokes, please. Here, incoherent means that there are no particular relationships among the sounds produced by
N profs, in which case the intensity is simply N times the intensity die to one prof. If they were all chanting or
reciting together, the sounds would be coherent and the result more complicated.
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Note that this is not a linear relationship. A multiplicative factor of ten in intensity is an additive
increase of ten in decibels.

Here are the intensity levels of some common situations:

Situation Intensity  |Intensity level
Threshold of Hearing 10> W/m? 0 dB
Library Reading Room [10° W/m? 30 dB

Conversation 10°° W/m? 60 dB
Vacuum Cleaner 107 W/m? 90 dB
Rock Concert 10" W/m? 110 dB
Thunder 10 W/m? 130 dB

Of course, these values depend on the distance between source and listener. Prolonged exposure
to sounds above 90 dB will cause permanent damage, and exposure to sounds over 110dB will be
painful. Here are some helpful hints: ALWAYS wear ear protection in noisy situations, such as
lawn mowing or vacuuming and on up. If you must wear headphones to listen to music, place
them just in front of your ears, not right over them.

HOMEWORK 12-4
After Route 100 was built through Columbia, some homes experienced an average decibel
level of 110 dB, caused by 200 cars passing per minute. When the inspector arrived to test
this, there were only 25 cars passing per minute. What average decibel level did the inspector
measure?

HOMEWORK 12-5
Five identical machines operating in a factory produce an average sound intensity level of 87

dB. If three additional machines are put online in the same location, what will the new average
sound intensity level be?

Beats
DERIVATION 12-3

Suppose that we have two nearly identical waves passing through a spot in space (call it the origin
so x = 0), so that the time dependences (we'll ignore the spatial dependence) are given by

y; = Asin(2nfit) and y, = Asin(2nfyt) .
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Using the principle of superposition, we get the total 'displacement’ from equilibrium from the sum
of these two expressions:

VrotaL = Asin(2mfit) + Asin(2mf,t) .

Now, we'll make use of a trig identity, sin a + sin b = 2 sin[(a+b)/2] cos[(a-b)/2], so that

yroTaL = 2A cos (211 (f1 fz) ) sin (211 <f1 ;fz) t) .

From this we see that the frequency of

oscillation is the average of the two original

frequencies, but also that the amplitude of the ” H |
oscillation is modulated by an envelope with \ I lra'|| | ‘ |J U l|'» ||

|”H'|“"* Pnl |\

a frequency equal to the difference of the
original frequencies, |fi - f2|. The formula
says that the frequency of the envelop is half
the difference in the frequencies, but there are
two pulses, or beats, per cycle.

l‘d" |||J‘

This can be (and often is) used as a method for tuning pianos and other such instruments. Once a
'C' string is tuned to the correct pitch, it and the 'G' a fifth above it above are struck
simultaneously. The third harmonic of the C and the second harmonic of the G are the same note,
and so the G string's tension is adjusted until no beats are heard between those two harmonics (or
in other tuning schemes, a certain number of beats per second should be heard, but that's a whole
'nother story...).

Beating is also used in some radar guns. An example will follow in the next section.
HOMEWORK 12-6

Consider two identical strings under the same tension but with different lengths. The n =2
harmonic of the first string (400 Hz) beats at 6 Hz with the n = 2 harmonic of the longer string.
What is the difference in the lengths of the strings if the speed of transverse waves on these
strings is 120 m/s?

The Doppler Effect

You're probably familiar with this effect: a car or train passes you while blowing its horn, so that
the pitch of the sound rises while the vehicle is moving toward you, but sounds lower when the
vehicle is moving away from you. We shall look at a couple of special cases, and then integrate
the results for all such cases into a single relationship. Note, however, that the results will only be
true if there is no wind, that is, the medium (usually air or water) is stationary. Also, our
derivations will be done for a one dimensional universe.
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DERIVATION 12-4

t=10 Consider a source moving at speed Vsource
toward (approaching) a stationary observer (or

Fieknesl listener, if you insist). Instead of having the
source emit a sinusoidal wave, let's assume that
it emits pulses; we can later correlate these

o ke pulses to the peaks of a sinusoidal wave, if
necessary. Let the frequency of the pulse
emitted by the source be fo, and the time

= d between the emission of pulses be Po = 1/ fo.
t TO ‘ﬂ‘ Here at t = 0, the source relljeases a pulse, whijcrh
Fulse2 Pulsel then travels to the right at speed vsound. Now,

, let's look at the locations of everything a time t

A = T later.

Pulse 1 has traveled a distance dsound = Vsound T,

Source Observer while the source has traveled a distance

— dsource = Vsource T, at which point it emits Pulse

dSource 2.

Now, the wavelength that the observer will

measure is the distance between the two pulses:

I J—
A= dSound - dSource - VSoundT - VSourceT .

Now, T is the period between pulses as ‘heard’ by the source, and so we remember that f = 1/T
and that f A = vwave, and so this last expression can be re-written as

VSound _ VSound _ VSource

f! fo fo '

VsSound

f'=r

Vsound — Vsource

Now, if the source had instead been moving the other way (receding), those two distances would
have had to have been added, changing the minus sign to a plus sign:

Vsound

=1

VSound + Vsource

Now, suppose instead that it were the observer moving toward (approaching) the stationary source
at speed vobserver. Once again, let the source emit pulses at an interval of T. Let t =0 when Pulse
1 arrives at the observer. The second pulse arrives at the observer at time T', during which interval
the pulse has traveled distance (to the right) dsound = vsound T' and the observer has traveled distance
(to the left) dobserver = Vobserver T'. T' is now the time between pulses, as heard by the observer.
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The sum of these distances is the original wavelength as
produced by the source, Ao:

J— — 14 !
)\o - d-Sound + d-Observer - VSoundT + VSourceT .

Remembering that /* = 1/P” and that /"’ A’ = Vwave, We
substitute to obtain

Vsound _ Vsound Vobserver

& - — + 7 ’
" Ohserver fo f f
:_: % ' VSound + Vobserver
d 5 f'=r:
sound dobs VsSound

Once again, if the observer had been receding from the
source, there would have been a sign reversal to

Vsound — VObserver

f'=r

Vsound

Now, we can combine all these relationships, if we're careful. First, we need to define better the
terms 'approach' and 'recede.' 'Approach' is to head in the direction of the other object, regardless
of whether the distance between the objects is becoming smaller or not, and 'recede' means to head
in the opposite direction of the other object, whether the distance between is increasing or
not. Then,

Vsound t Vobserver 4

J

f' =1

Vsound + Vsource

where the upper sign is used if that object is approaching and the lower sign if that object is
receding.

DISCUSSION 12-3
What exactly would one do if there were wind?
EXAMPLE 12-3

A police car moving at 150 kph is chasing a speeder traveling at 100 kph on a calm day. Ifthe
cop’s siren has a frequency of 500 Hz, what frequency will the speeder hear?

First, what is the speed of sound on a calm day? We typically use 340 m/s as a default value.
The cop is approaching the speeder, while the speeder is receding form the cop. Remember

4 For light, the result is somewhat different.
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that these terms have nothing to do with the distance between them increasing or decreasing.
Converting the speeds to meters per second, we get

\% +v 340 — 27.8
f/ :fo Sound — Observer — 500 — 5233 Hz .
VsSound + Vsource 340 — 41.7

AN ADMONITION

It’s tempting to try to cut a corner and use relative velocities. Bad idea. Let’s try it. Suppose
the speeder is motionless and the cop is approaching him at 50 kph.

VSound t+ Vobserver 340-0

f'=f — ~500———— = 521.3 Hz .
° Vsound T Vsource 340 — 13.9

These values are close, but the second is wrong because we left out the fact that there is now a
100 kph wind blowing against the motion of the cop. The speed of sound is therefore not 340
m/s but rather 312.2 m/s. Let’s try again.

\Y + v 3312.2-0
f, — fo Sound — Observer — 500 — 5233 Hz .
Vsound + Vsource 312.2 —13.9

HOMEWORK 12-7

If you move at 15 m/s (relative to the ground) toward a sound source (3000 Hz) which is also
moving toward you at 45 m/s (relative to the ground), what frequency will you hear from the
object? Assume that vsound = 340 m/s.

DISCUSSION 12-4

What happens if the source travels v=0
more quickly than sound? Consider

the denominator of the Doppler

relationship we derived. ~ )

The upper left figure shows the locations
of the crests of three pulses emitted by a
source such as a jet while it is
stationary. The pulses move out in a
spherical form centered on the spot at
which they were produced. The upper
right figure shows the same when the
source is moving to the right at about 0.5
the speed of sound; note that the
wavelengths will be shorter for listeners
in the path of the source, but longer for
listeners from which the source is

¥ = 0.5 0und




receding. When the source reaches the speed of the wave in that medium, a bow shock wave is
generated; this is most easily seen when generated by a boat, but recent photos of jets breaking the
'sound barrier' have caught these shock waves as they condensed water gas in the air. Once the
speed of the source exceeds the speed of the wave in that medium, the crests of all waves co-incide
to produce a giant shock wave (red line); for jets, this results in the familiar sonic boom. It can
also be seen as the bow wave of a boat in water.

Some random notes:

1) The reason the Concorde was so quiet (to the passengers anyway, not to those living on the
flight path) during supersonic flight is that the noise from the engines could not keep up with
the cabin; one could hear only the noise transmitted through the body of the plane.

2) The apex angle (0) of the cone formed by the shockwave
depends on the speed of the source. The wave shown was
generated at the instant that the source was at its center. In
time interval t, the source moved to the right a distance vsourcet
and the sound moved outward a distance vsoundt. Consider the
right triangle formed in the diagram. We see that

Vsoundt _ VSound

sin@ =
VSourcet VSource

The inverse of this ratio is referred to as the Mach
number. The official speed record of any jet aircraft is about Mach 9.6, set by the unmanned
X43A. The Space Shuttle (when we had a set) entered earth's atmosphere at about Mach 25.
Be aware though that the Mach speed is NOT just a multiple of the speed of sound at sea level
(340 m/s); the speed of sound varies with altitude.

EXERCISE 12-1 Solution

Since the two ends are different, or ‘odd,’

nv

fn:H n=1,3,5,7,... .
fo 1340 oeaay
17 2%003 B

Let’s just keep increasing n until we exceed the limit of human hearing at 20,000 Hz:

8500 Hz, 14,167 Hz, 19, 833 Hz.

EXERCISE 12-2 Solution
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The same brightness means the same intensity as seen from earth. So,

Py _ Pg
A B
Pa_m_ T 51073

Py 12 (207,)2
Or the other way round, Star B produces 400 times more energy each second than does Star A.
EXERCISE 12-3

Assume that the sources are incoherent, ten professors would have an intensity of 101077 W/m?.
Then,

10 x 1077
610 = 10 loglow = 10 10g10 106 == 10 (6) S 60 dB

and

100 x 1077
BlOO =10 loglOW = 10 10g10 107 =10 (7) =70dB .

As was stated, a factor of ten in intensity I is an addition of 10 in intensity level beta.
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Sample Exam V

MULTIPLE CHOICE (4 pts each)

1y

2)

A mass M = 4 kg slides along a frictionless
horizontal floor. At time = zero, it encounters a
spring of constant k = 8 N/m. How long does it M
take the mass to come to rest?

i
..............
(Againayaagis)
AAAAAAAAAAAAAA

A) 0 seconds

B) 0.2 seconds
C) 1.1 seconds
D) 35.8 seconds
E) 204.2 seconds

Consider a mass M oscillating at the end of a massless spring of constant k with amplitude A.
At what distance(s) from the equilibrium point (x = 0) will the kinetic and potential energies
be the same?

A)x=0
B)x=+0.5A
C)x=+0.71A
D)yx=+A

E) The K and the UspriNG are never the same.

A fisherman notices that the wave crests on the water pass his anchored boat every 4 seconds.
He measures the distance between crests to be 9 m. How fast are the waves traveling?

A) 0 m/s
B) 0.03 m/s
C) 0.44 m/s
D) 2.25 m/s
E) 36 m/s

Consider a particle oscillating with amplitude A. Through what distance does the
particle move in one cycle? What is its displacement after one cycle?

A) distance = 0, displacement =2A
B) distance = 2A, displacement = 4A
C) distance = 4A, displacement =0
D) distance = 0, displacement = 4A
E) distance = A, displacement = 0
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5) The wail from an air-raid siren has an intensity of 1
Watt/m? at a distance of 1km. How far from the siren 8
should you stand so that the intensity is only 0.01 L
Watt/m? ?

A)0.01 km

B) 0.1 km M

C) 1 km

D) 10 km S
E) 100 km

PROBLEM I (20 pts)

Consider a simple pendulum of length L and mass M. Show that if the angle 0 is kept small, the
period of oscillation P is given by:

P=272'£

g

HINT: Compare the pendulum with a mass on a spring, for which the N II equation is

—kx =ma

and for which we have previously shown that

P=2r ﬁ.
k

PROBLEM II (20 pts)

In shallow water, the speed of a surface wave is given by the formula
v ~./gd,

where d is the depth of the water and g is the gravitational field strength. ‘Shallow’ is a relative
term that means that the depth of water is much less than the wavelength of the wave, d<<i. This
condition is met by tsunami waves in mid-ocean.

A) Estimate the speed of a tsunami in the open ocean, where the mean ocean depth is 5.6 km.

B) How long would it take such a wave to travel the approximately 9000 km from its source in,
say, the mid-Pacific Ocean to, say, the California coast?
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PROBLEM III (20 pts)

Suppose that you have a clock that operates on the motion of a mass on a spring and which keeps
perfect time. Now, you take it with you when you vacation on Mars, where gravity is only one-
third that on the earth. If you set your clock correctly at 12:00, what time will the clock read one
hour later?

PROBLEM IIII (20 pts)

Consider a mass M2 which sits upon a larger mass M1, which in turn slides along a frictionless
floor. M1 is connected to a spring with constant k. The
coéfficient of static friction between M1 and M2 is us= 0.6. With

what maximum amplitude can M1 oscillate back and forth us | M2
without having M: slide off? HINT: Until the masses actually k
lose contact, you can treat them as if they were a single mass. M1 GMM@@

\\\\‘

A) What type of force accelerates M2 back and forth? (4 pts)
B) What is the maximum value this force can possibly have? (4 pts)
C) What is the maximum acceleration Mz can experience without slipping? (4 pts)

D) Since M2 hasn’t slipped yet, we can still treat the two blocks as if they were one. Write
Newton’s second law for the motion of the combined blocks in the horizontal direction.? (4

pts)

E) Use the expression you found in Part D to find the maximum amplitude of oscillation so that
M2 does not slide. (4 pts)

-263 -



	Section -1- The Cover
	Section 0 - Introduction
	Section 1 - The Basics
	Section 2 - One-Dimensional Kinematics
	Section 3 - Two-Dimensional Kinematics
	EXAM 1
	Section 4  - Relative Motion
	Section 5 - The First Picture
	EXAM 2
	Section 6 - The Second Picture
	Section 7 - The Third Picture
	EXAM 3
	Section 9 - Rotation in a Plane
	Section 10 - Static Equilibrium
	EXAM 4
	Section 11 - Oscillations
	Section 12 - Waves and Sound
	EXAM 5

