Section 12 - Penetration and Tunneling

One of the more useful properties of quantum systems is the tunneling effect. Let’s explore some
specific examples of one dimensional wave functions in a little more depth.

Consider a potential barrier U(x) that is not U
infinitely high at x = 0, extending off to /N
infinity in the +x direction. From a classical Eo 7

mechanics point of view, a particle of total
energy E < E, coming from the left could
never pass over the barrier, much like a
swinging pendulum bob can never rise
above a particular height.

In the modern view, such a particle can pass
through such a barrier. Let’s see how. ~
7

e
~N x=0

X
The potential for negative x is zero.
Consider a particle of energy E < E, coming from the left. Schrddinger’s time-independent
equation is

—h? 92
o +U(x)yY = Ey.

2m 0x?

We’ll re-arrange this to

RV _ 2m(U - E)

dx2 e ¥
The nature of the solution in each region depends on U relative to E. For x <0, U = 0 and the
equation becomes

0%  2mE
dx2 k2
with solution of either sine or cosine:
+V2mE
Y =Asin<_—x+¢>.

On the other hand, when x > 0, the equation becomes

0% 2m(E, — E)
0x2 hZ2

with solution

143



+/2m(E, — E
Y =Aexp < (Eo ) x> .
h
Since the function can’t be allowed U
to increase to infinity as x goes to /

infinity (the probability of being Eo
somewhere can’t exceed 100%), we

N
"
must take the solution with the
negative sign:
J2m(E, — E
o \/«4
h v

Note that, unlike for the infinitely _~
high wall, there is a non-zero x=0
wavefunction for x > 0, and therefor

some probability that the object is

actually inside the barrier!

Now, suppose that the barrier is not
infinitely thick, but instead has width L. /]
Since, at x = L, the wave function has Eo
not exponentially ‘decayed’ to zero,

\

¥
there is some probability that the
particle exists at locations to the right of /

the barrier. The particle has ‘tunneled’
through a barrier over which it could

never pass classically.
Insert Classical Analog. /\ y

B [
All analogies fall apart eventually, and x=0 \_,.) =
here is the problem with this one: For
the light waves, some of the light is
reflected and some is transmitted.
Obviously we can’t have some fraction of an electron be reflected and the rest transmitted; there
is however a certain probability that the electron is completely reflected and the complementary
probability that it is transmitted. If a large number of identical electrons were to be launched at

the barrier, the numbers of each sharing a fate would agree with these probabilities. Let’s see if
we can estimate the probability of transmission.

One again, the Schrodinger Equation can be written as
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0%y _ 2m(E, — E)
ox2 h2

Let’s assume solutions of the following type, much as we did in Section V-3.

Y =e** and/or e *

where we have again omitted the oscillating time dependence. The quantity k is the magnitude of
the wave vector (= 2n/A) and i is the root of negative one, in which case,

2m(E —E,)
h? '

We have two terms for each region (x <0, 0 <x <L, and x > L) in order to account for incoming
and reflected waves, although we expect no reflected waves for x>L. The solutions in the three

regions then are:
+1i M —1 M
Y(x<0)=Ae VR 4 Be W

. [2m(E=E,) . [2m(E-E,) 2m(E,—E) _ [2m(E,—E)
pO<x<L)y=Ce N “4pe™NT m = ce™NT w2 " 4De Rz

. [2mE
Y(x>1L)= Fe Nz ™,

What we would like to know is the transmission coéfficient T, the ratio of the probability of the
outgoing wave for x > L to that of the incoming wave from x < 0:
= F*F

A

Here are the constraints placed on the coéfficients. We required our wave functions to be
continuous. Therefore, at x = 0:

. 2mE . [2mE 2m(Ey—E) _ [2m(E,—E)
AN 4 Be VWY —ce™NT m ° 4 De 2 ' 5 A+B=C+D.

Atx=L:

2m(E,—E) 2m(E,—E) . |2mE
+ [y Y il M § +1/ L
Ce h? + De h? = Fe hz "

But, you may remember, we also required, in general, that the wave function’s derivative dy/dx
must be continuous when U# infinity, so:
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’2 E i [PmE ’z E 4 [E
—Ai Z;el 70 4 Bi Z;eﬂ Rz °

_ 2m(E,—E) _ 2m(E,—E)
—C 2m(Ef:)2 E) ot /To _p Zm(E,;fz E) - /h—zo

or,
] /ZmE ] /Z‘mE ’Zm(Eo —E) ’Zm(EO —E)
—Ai 7 + Bi % =C Wz —-D 7z
Then, atx =L,

_ 2m(E,—E) _ 2m(E,—E) . [2mE
; /zm(Effz E) +[mED, /Zm(ifz E) -[ED, Z;ZEeﬂ/hz .

Lots of math I’ll add later.....

sinh? <\/2mf£]20L2 (1 — U£0)>

4%(1—5)

T = /1+
k

When the barrier is quite thick, or when E<<E,, this can be approximated with

T =16 £(1 - U£)e"48m”°(1"vio)”h .

Uo

o

The tunneling effect is seen in many physical systems, and forms the basis for many technological
devices.

Now, what if we have a non- rectangular barrier? Let’s start with two rectangular barriers that are
back to back, one of height U, and the other of height Uy. Any particle making it through the
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combined barrier must have passed through the
first one and the second. If T is the probability
of making it through the first and T> is the
probability of making it through the second, the
probability of making it though both is

U

T: T1T2 .

If that’s OK, then what if we have N barriers? ] UDE

T=T,T,Ts.. Ty . E
EXAMPLE

Let’s use this idea to see if we can find the

transmission coefficient for a triangular barrier

as shown in the figure; this corresponds roughly to what an electron in a reverse-biased diode
would experience. The barrier is formed by the energy gap between the valence and conduction
bands.

U{XJ CB
U(x) = Ug(1 - x/b)
Egap
VB
=
E
0 b X

We’re going to make a lot of approximations and hope to get an order of magnitude value. We’ll
model the barrier as a series of rectangular barriers whose heights follow the relationship

U(x) = U, (1 —%) .

First, let’s look again at the approximate result from above for one barrier:

T =16 E(1 - E)e_dgmu"(l_uio) v

Uo
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The variable here appears to be E/U,. It

U(x) seems clear that the exponential term will
Ux) = Una(1 - x/b vary much more quickly than the terms in
% (x) C’{ ) front, which are probably on the order of one,

"1‘;_ anyway. So, let’s drop them, leaving

Tn = eV 8m(Uon— E) Ln/h .

Let’s let each barrier have thickness dx and

E substitute in the potential function U(x) to
obtain
D X T(x) - e—1/8m(U(x)— E) dx/h )

Remembering that the transmission
coefficient for all the barriers combined is the product of the individual coefficients, and that the
product of exponentials is the exponential of the sum, we obtain

L N O o L B o X3

Let’s concentrate for now on just the integral:

f1Exd
u, b»™

We’ll need limits; the lower limit is clearly 0, but the upper limit a depends on U, and E.
Specifically, we’ll set U(a) = Uy(1-a/b) = E and find that a = (1- E/U,)b:

(1_U£0)b E x
f 1—— — = dx .
0

We’ll use the substitution z = 1 - E/U, - x/b and dz = -dx/b, and change the limits:

0 -3 2b, E
—bj 72 dz = bj 7Y% dz = —(1——)
E . 3 U,

3/2

o

Replacing this result into the exponential term above,

32m b 3
T =exp| — 9h2U_O(UO_E)2 .

Next, we’ll do two things. We might expect the energy of the electrons to be quite a bit smaller
than the band gap energy, so U, — E = U,. The second thing is a bit weaslier. The potential
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difference U, can be thought of as being due to an electric field, €; certainly, we can modify the
barrier (primarily its width) by applying our own E-field within the diode.

U AV €b b b !
= = e —_— —= —

32mU2 1
Tew| = ogze &

Since we may naively think that the current through a p-n junction would be proportional to the
tunneling probability, we predict that

1
log(I(S)) ~Tg

Here is a graph of real data. The agreement is O.K. for weak electric fields.
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